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Fractional calculus and regularized residue of
infinite dimensional space

Asada Akira

Faculty of Science, Sinsyu University, Matumoto, Japan asada-a@poporo.ne. jp

We have proposed regularization of infinite dimensional integral via fractional
calculus. It is done on a Hilbert space H equipped with a Schatten class
operator G. The (-function (G, s) of G is assumed to be holomorphic at s=0.
Regularization is done by using (G, s). After reviewing this regularization, it
is shown regularized Cauchy kernel of a Hilbert space with the determinant
bundle exists if and only if v = (G, 0) is an integer. Regularized residue on an
infinite dimensional space is obtained as an application of regularized Cauchy
kernel.

1 Fractional calculus and regularized infinite product

Let {H, G} be a pair of a Hilbert space and a positive Schatten class operator
G such that ((G,s) = trG* is holomorphic at s = 0. {(G, s) is assumed to
have its first pole at s = d. We also set

v =/((G,0), detG = eC/(G’O), ¢ = Ress=q((G, s).

We often need integrity of v. If H is the Hilbert space of square integrable
sections of a bundle E over a compact Riemannian manifold X and G is the
Green operator of a positive elliptic operator D acting on the sections of F,
choosing suitable mass term m and replace D by D 4+ ml, v becomes an
integer. Hence integrity of v is not restrictive for practical use (cf.[Asa04a]).

The complete ortho-normal basis ey, es, .. ., are taken from eigenvectors of
G: Ge,, = ppeén, i1 > p2 > ... > 0. By using G, we introduce Sobolev metric
|lz||x by ||G~*z||. The Sobolev space constructed by H and || - || is denoted
by W*. The complete ortho-normal basis of W* is given by e1 x,e2,. - .
enk = uﬁen. We set exo 1 = 22021 uﬁ/Qen’k. €o0,k does not belong to Wk, but
belongs to W', I < k. If k = 0, we denote e, instead of €00,0-

Definition 1. The Hilbert space Wt is Wk & Keoo i with the inner product
<en,k7 em,k> = 6n.m7 <eoo,ka en> = 07 <eoo,k> eoo,k> = C. (]-)

3
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4 Asada Akira

Here K is R if H is a real Hilbert space, and C if H is a complex Hilbert space.
If k =0, we denote H?, instead of W%, We identify W* and W* @ Oéoo,k C
Wk, Then the above inner product on W*# coincides with the inner product
of W¥. While the inner products {es k, €n k) and (€00, ks Eco,k) come from

(€co ks Enik) = ljﬁ)l(\/gGs/%keoc,k, VG2 ke, 1),

where (, ) is the inner product of H.
By definition, € W is uniquely written as Zp + teso,- Hence we can
write

o0 o0
T=afHteoo) = ) Tpnlng T lCook = D Tnlnks  Tn = Tfn + Hy TH(2)

n=1 n=1
Let I% f be the fractional integral I, f(z,) = ! /Jn 1) dt. Then
" N O BRI
we have
R e | L I
Since
log [J (1 +us) = —1¢(G, ) + Z —c(G ms),

n=1

taking a path C' = C(s); 0 < s < 1 in the right half plane such that C'(0) =
and does not tangent to real and imaginary axes, the analytic continuation of
[I,-, I'(1+ p3) to s =0 along C takes the value 1.

Definition 2. Let © = Y7 | xpe, be an element of WkE. Then we define
regularized infinite product : [[)°_| @n : of T1,22,... by

[eS) [eS)
n=1 n=1

Here |s—o means analytic continuation to s = 0.

s=0- (3)

It is known : [ [, @, : is linear in each variable z,, and

Hxn~|—H|fEn|, CIJan)™=]=r:. (4)
n=1 n=1 n=1
Ifz =2 +teswr € W and t # 0, we have
—(k+d/2) .
H Ty = 1Y (det@) k+d/2 H 7“1)“;‘ s=0-

Then regarding W'l > k to be a subset of W* ¢ W*H and Wi, etc., to be
O -type subset {3 xpen | |za| < oo}, ete., of W, etc., we have
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Proposition 1.: [], z, : is a single valued function if and only if v is an
integer, and the followings hold;

1.Ift #0 and vy € WHEFA/2 then : ], @, : exists. If v € WF+/2 it exists
oo
if and only if Z uf;_(k+d/2)$f,n is holomorphic at s = 0.

n=1

2.: T, @ : is analytic on W*+4/2 @ Ceny .

2 Regularized determinant

Let T be a densely defined linear operator on H. Then its regularized trace
(renormalized trace) with respect to G is defined by

traT = tr(G°T)|s—o,

[CDP02, Payc01]. For example, trgI = v. By using regularized trace, we
define

Definition 3. If T has the logarithm S = logT; T = e, then we define
reqularized determinant detgT of T with respect to G by

detgT = e = (G| . (5)
Note 1. Since log T is not unique, detgT is not unique in general.

Ezample 1. 1f I = I;; x = (x1,2,...), is a scaling operator I,e, = z,e,, then
log I; is Liog 2; logx = (log 1, log 2, . ..). Hence we have

detgl, = €2 o8| _o = ﬁ xnf’|s:0 =: ﬁ Tn -
n=1 n=1
Especially, we have
deteG = detG, deteD = detD, G =D71, (6)
where detD is the Ray-Singer determinant of D.
Note 2. We have detg(I, + N) = detgl,, if N is a generalized nilpotent.
On the other hand, we have only detgPTP~! = detp-1opT in general. It

may different from detgT. For example, if G and T are

1 1
Geap—1 = ﬁ€2n71,G€2n =1 162n> Teop_1 = 2e9n—1,Tes, = 3eap,

and Pes,_1 = eay,, Pea, = e2;,—1, then
deteT = 27123732 £ det; PTP~' = 273/2371/2,

We have detgT = detg PTP~! if P € GL(c0), where GL(c0) is the closure
of the group of invertible linear operators of the form I + K, K is a compact
operator.
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3 Regularized integral

Let W be a real Hilbert space, f a function on W* which is extended to W1
and expressed as f = lim, o f(z1,...,2,). Then the regularized integral

/ f:d®x : is defined by
Wkt

/Wk Jrd¥ai= T | fn con)d(@ ) d(@h ) emo, ()

n—oo [pn

[Asa04b], cf.[Asa04a, Asa04c]. Regularized integral on

th = {Zl‘ﬂnemk +lesok € Wk7h|xf,n >0,n=12,...,t >0},

is similarly defined.

Regularized integral simplifies the fractional calculus lim I}’ . Iﬁi fls=o-

n—oo

It is also interpreted as an application of the weak limit

oN S
lim ——: ni=1,
Ngnooaxl'”ax]\i J;‘[lx

which is hold on suitable function space [Asa04b].

Theorem 1. Let I,, a = (a1,az,...); I, : W* — W' be a scaling operator,
and let 1%stf(x) = f(I,x), f a function on W'. Then we have

. f:d®r = /Wkh |detal,| ' I:f - d®x ;. (8)

If I, maps Wf’h to Wi’h, then we also have

/ fd®x = / |detgI,| ' f :d™x .
W Wkt

+

Ezample 2. To set e—"I=I° = o, if |z|| = oo, we extend e~mlIel® o HE. If G s
the Green operator of an elliptic operator D, we have

e~ (@, Dx) _ ]:k/ﬁe—ﬂllx\lz’ I/5en =\ Anens Ay = k.

Hence we get

—7(x,Dz) . joo,. .__ =1 —zl|I* . goo,. . 1
e 1 d%x = detv/D| e 1 d%x = .
/Wl/z,n /Hu | | vdetD

1
VdetD'

This justifies physicist’s calculation / e @Dy —
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4 Regularized Cauchy kernel

In the rest, we assume H is a complex Hilbert space. In W51, we set

T8 = {3 zenn € WHH||2,] = u/?r). 9)

n=1

If 7 = 1, we denote 7°* instead of 7,°*. Considering C" to be {Z;.Lzl zje;},
we have

n
TN = {3 26l = 1}
j=1
We denote this set by 7% and set D™F = {2?21 zje;l|zi| < rpf}. Here k is
omitted if k = —d/2 and r is omitted if r = 1.
By the map w = 2%, the circle {z = €?|0 < § < 27} is mapped to
{w = €**|0 < ¢ < 2ar}. That is we have

Na—1 a 2
(@mi)™ / U= _ (omiye, / dz = / ie*df.
a lo|=1 2¢ |2|=1 0

Hence we have

, 2mi)Hi—L d(2 2mi)in L d(zhn ‘
lim (( )S (#15 ) ( )S (Ms ))‘S:O — (27”)1/' (10)
n—oo H1 z" H1 Zn"

Here, 7" is considered to be {e®1?|0 < 0 < 27} x - -+ x {efn?

0<80, <2t}

- o (2mi)En Tl
We set : dz 1 |7n = H (7sd(zn"))|szo. Then by (10), we have
n=1 n
1 d®z |

o = (2m)”. (11)
oo i [y Zn:

This formula is valid if we regard 7°° = {%7|0 < 6; < 27} x {20 < 0, <
271} x ---, because : [[,, 2, : is not single valued unless v is an integer. But if

v is an integer, we can regard 7°° to be an oo-dimensional torus.
On the other hand, since d(z*)/z* = adz/z, we have

im [ £ %) = [ )%~ ormif(0),
/ JECE

a—1 2@
if v is a closed curve in D! surrounding 0 and f is holomorphic on D'. Hence
we have

Theorem 2. If v is an integer, f is a holomorphic function on D> and
Y =1 X Y2 X o, Y @8 a closed curve in {z,||zn| < 1} surrounding 0. Then
we have

10 = G [ a
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Here, we say a function f on D> to be holomorphic, if gff =0,n =
Zn

1,2,.... In other words, f is holomorphic if it allows Taylor expansion f(z) =
i i
Z Cir,tim®1 """ P -
1y
Since dzpi/2nk = d2n/2n, Znk = fy*2n, (12) is valid if f is holo-

morphic on D% and v C D> By (12), if v, = 0, I' = I} x
Iy x «-- and ¢ = ((1,C2,-..), Cu € I, , then we have the following
Cauchy’s integral expression of a holomorphic function f on D>F

doozn : |Too
(2mi) /f : —Cn) (13)

Note 3. If v is an integer, : [], 2z, : is an analytic function, but not holomor-
phic. For this function, we have

OO .
|7

o / Hzn,mzo, len| < 1, (14)

1 it 1 dz™
W/ . H Zn N m H Cn7 |C7L| > 1 (15)
=1

T - n=1

Therefore : [],, 2, : behaves as if the principal part of a meromorphic function.

5 De Rham type cohomology with co-degree elements

In the rest of this paper, we assume v to be an integer.
Existence of regularized Cauchy kernel implies existence regularized vol-
ume form : dv(7°°) : on T,2°%. To set z, = r,e'?", we may set

: Hz 2mi)H 140, |s=0- (16)
n=1
We also set
: dv(TOO*{i1 """ if’}) = H i(27ri)”’sfld9n|s=o7 (17)
ng{ilv“'ri;}}

and define
d0j, A NdO; A do(To Unein) =
_ {j: sdo(To Rk dy g f gy g b U R, R = L iy )

0 : otherwise.

The cohomology algebra H*(7°°,C) of T is the Grassmann algebra gen-
erated by dfy,dfs, . ... To define Hodge x-operator (Poincaré duality) by
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w(d0 A N dO;)) = (—1)art i =p(p=1)/2 . gy (goo—tinwinky . (18)

we obtain a de Rham type cohomology algebra
H*’*(T‘X’,C):H*(TOO,C)EB*(H*(TOO,C)). (19)

Note /4. Since multiplicative structure of H**(7°°,C) depends on v, it is not
a topological invariant.

Let W be {3, znen € WHE|z, #£ 0,n =1,2,...}, and Wf’h is same as
in §3. Then we have

WEE = 70k 5 (WhE W), (20)

Hence we can define de Rham type cohomology with infinite degree elements
H*’*(Wf’h,C) of W by the same way. In this case, we denote

*dziy Ao Ndzg, =: dzoe—tinind | 7oo. (21)
Let Wﬁh ;, be the subspace of Wk defined by z;, = 0,...,2;, = 0. Then

)
sdzoe it s
the Cauchy kernel of Wﬁ’h ;, 18 -z |T_ , and we have
: Hné{il,...,ip} “n

H**(Wki C) = H**(T*,0). (22)
H**(WkA C) = H*(WFE C) @ «(H*(WF5,C)).

H*(W* C) is isomorphic to H*(T°,C). Hence it is an co-dimensional Grass-
mann algebra.

Note 5. Since there is the regularized volume form : dw : of the sphere S5 of
H, Hilbert space added the longitude, we can define the real coefficients de
Rham type cohomology H**(5°°,R) of S by

H**(8,R) = H°(S*,R) ® H®(5®,R), (23)
H>(8%° R) = «H(S®,C) =R :dw: .
We conclude this section asking are there any relation between de Rham

type cohomology with oco-degree elements and entire cyclic cohomology, or
stochastic de Rham complexes (cf. [Con98, Cun02, Léan03]).

6 Regularized residue

We set Wil = {3 non zmem € WFi|z,, # 0,m = n+1,...} and C' =
{3, zmeém € C™|zm # 0}. We also denote W/# the subspace of W% defined
by z1 =0,...,z, = 0. If m <n, we regard
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Clmx WhE c WE e x WhEc Wi

Then composing the residue maps
res : HP(CT" x WFE C) — HPL(C™L x WhE ),
the composed residue map [Ler59], cf.[Asa68]
res™ : H™(C™ x WFE C) — HO(WFE ¢) = ¢,

is obtained,and we have
/ o = (2mi)"res™ ().
[21]=€1,..;|2m|=€m

Definition 4. If p > n, we define the map res>®~P by

_ cdzolinind | 1 dz; dz;
res™ P x ( | = LA AN —2
: Hng{ih...,ip} Zn - Zint1 Zip

Since H®~"(W* C) = «H"(W[*,C), res®~P induces the map
res® 7P . HX~"(Wk8 ¢) — HP~™(CP~™,C) = C,

and we have the following regularized residue formula

/ f§" = (2mi)V P / res® P (xp"). (25)
,Z;‘oofn,k Tp—n
Here, 7,°°7™* is the torus in W% defined by |z,,| = 7, m > n and 7P~ is the
torus in CP~" defined by |z;| = ¢;, j = 1,...,p — n. The integral in the right
hand side is done in usual sense, but the the integral in the left hand side is
the regularized integral. Cauchy’s integral formula on W*# is a consequence
of this formula.

By using the map res*~P, we have the following exact sequence

H®7P(CP" x WHE C) —t H®P(WhE C) —

pP—n,%)

o res™ grIn(erTn €) 8 gl (erTr x WL ).

pP—n,k)

This sequence is not embedded in long exact sequence of de Rham type co-
homology groups. Because res® P is a kind of composed residue. But we can
not get res®°~P composing ordinary residue maps.

Note 6. If X is an orientable co-dimensional smooth manifold modeled by H
and Y is an orientable smooth r-dimensional submanifold of X (r < 0o), then
if H*(X,R) and H**(X — Y, R) are defined, the regularized residue map
res : H°7P(X —Y,R) — H""PT}(Y,R) may defined and we may have the
following regualrized residue exact sequence (cf.[1])

- — H®P(X,R) —' HP(X —Y,R) —"
— HPY,R) — HXTH(XR) — -
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Fractional spaces generated by the positive
differential and difference operators in a
Banach space

Allaberen Ashyralyev

Department of Mathematics, Fatih University, Istanbul, Turkey
aashyr@fatih.edu.tr

The structure of the fractional spaces E, 4(L4[0, 1], A”) generated by the pos-
itive differential operator A” defined by the formula A%u = —a(ac)gi—% + du,
with domain D(A%) = {u € C?[0,1] : w(0) = u(1),u'(0) = «'(1)} is in-
vestigated. It is established that for any 0 < o < % the norms in the spaces
E,.q(L4[0,1], A®) and Wf‘x[o, 1] are equivalent. The positivity of the differen-
tial operator A” in W2*[0,1](0 < « < 3) is established. The discrete analogy
of these results for the positive difference operator Aj a second order of ap-
proximation of the differential operator A®, defined by the formula

Ukl — 2Ug + U M=1
Aruh = {—a(xk) + 2 14 5uk} cup = {up}d!, Mh =1
1

with vg = up and —us + 4u; — 3ug = upr—2 — 4dupr—1 + 3ups is estab-
lished. In applications, the coercive inequalities for the solutions of the nonlo-
cal boundary-value problem for two-dimensional elliptic equation and of the
second order of accuracy difference schemes for the numerical solution of this
problem are obtained.

1 Introduction

It is a well-known (see, e.g., [Kre66, Gri84, Fat85]) that the study of the various
properties of partial differential equations is based on a positivity property of
the differential operator in a Banach space. The positivity of the wider class of
differential operators has been studied by many researchers (see [Sol59, Sol60,
KZPS76, Ste80]). To prove stability, in a number of works (see [AS94]-[AS84]
and the references given therein) difference schemes were treated as operator
equations in a Banach space, and the investigation was based on the positivity
property of the operator coefficient. Important progress has been made in the
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study of positive operators from the viewpoint of the stability analysis of
high order of accuracy difference schemes for partial differential equations.
Application of theory of fractional spaces generated by the positive operators
in a Banach space permits us to establish the stability and coercive stability
of the difference schemes in various norms for partial differential equations
specially when we cannot use approaches of a maximum principle and energy
method. We introduce the Banach spaces £, , = E_ (E,A)(0 < a < 1),
consisting of all v € F for which the following norms are finite:

dz
)i, 1< g < oo,
z

ol = ([ 124G+ 4 |
0

| vle,  =sup|lz®A(z + A)_lv |z, g =00
’ z>0

The positive operator A commutes with its resolvent (A4 A)™" for all

A, A € (0,00). Therefore, using the definition of the fractional spaces £, =
E, (E,A), we obtain

T+ s, ,—5, <l A+ A7 |- (1)

for all o, € (0,1) and ¢,q € [1,00].This means that from the positivity of
operator A in E it follows the positivity of this operator A in E_  for all
a,a € (0,1) and ¢, ¢ € [1,00].

The investigation of the well-posedness of the various types of boundary
value problems for parabolic and elliptic differential and difference equations is
based on the positivity of elliptic differential and difference operators A in var-
ious Banach spaces E and on the structure of the fractional spaces F_,  gener-
ated by these positive operators. Note that an excellent survey of works in the
theory of fractional spaces generated by the positive multidimensional differ-
ence operators in the space and its applications to partial differential equations
parabolic and elliptic types was given in the books [AS94, AS04, Ash92]. The-
ory and applications of positive operators in Banach spaces have been studied
extensively by many researchers (see [Sob71, AST7, AS79], and [SS81]-[AY06]
and the references therein). We consider the differential operator A* defined
by the formula

- d*u
A%y = —a(x)ﬁ + du, (2)
with domain D(A®) = {u € C®[0,1] : u(0) = u(1),%'(0) = «/(1)}. Here a(x)
is a smooth function defined on the segment [0, 1] and a(z) > a >0, § > 0.

We introduce the Banach space C”[0,1](0 < 8 < 1) of all continuous
functions ¢(x) defined on [0, 1] and satisfying a Holder condition and ¢(0) =
(1) for which the following norm is finite:
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lp(z+7) — p(2)|
H‘PHcﬁ[o,l] = |leller, + sup 5 ,
0<z<z+7<1 T

where C[0,1] is the space of all continuous functions ¢(x) defined on [0, 1]
and ¢(0) = (1) with the usual norm

||S"Hc[0,1] = 0?3%(1 lo()].

In the paper [AK95] the following two theorems on a structure of fractional
spaces Eo(C[0,1], A%) and on the positivity of A in C?*[0,1](0 < @ < 1)
were established.

Theorem 1. For 0 < a < 1/2 the norms of the spaces E,(C|0,1], A®) and
C?> 10,1] are equivalent.

Theorem 2. For all X € R, |\| > Ko > 0 and 0 < o < 1/2 the resolvent
(A + A")"" is subject to the bound

M(gp,0)

T (14 M)
c2e[0,1]—c2[0,1] — a1l — 2a)( +IADT

o

where M (p,0) does not depend on A and c.

In the papers [AKO1] and [AYAO5] the positive difference operators Aj
of a first order of approximation of the differential operator A*, defined by
the formula

s h U1 — 2Uk + Up—1 Mt M
Afu" =< —a(xzy) W2 + duy ,un = {ukto (3)
1

with ug = ups and u; — ug = ups — ups—1 and of a second order of approxi-

mation of the differential operator A*, defined by the formula

v h Uk41 — 2Uk + Up—1 M M
Afu" =< —a(zy) [ + duy, sun = {uktp (4)
1

with ug = ups and —ug +4u; — 3ug = ups_o —4upr—1 + 3ups was presented. It
was proved that the spaces E,(C, A7) and C?* coincide for any 0 < a < %,
and their norms are equivalent uniformly in h,0 < h < hg. The positivity of
the difference operators A in C7*(0 < a < %) was obtained.

In the present paper we study the structure of the fractional spaces
E,.q4(L4[0,1], A®) generated by the positive differential operator A® defined
by the formula(2). It is established that for any 0 < a < 3 the norms in the
spaces Eq ¢(Lq[0,1], A”) and WqQ”‘[O, 1] are equivalent. The positivity of the
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differential operator A* in W2*[0,1](0 < « < 3) is established. Here the Ba-
nach space Wqﬁ [0,1] is the space of the all integrable functions f(x) defined
on [0, 1], equipped with the norm

1 1

|f(z) — flz+y)? 1

17 Tpon=1 [ [ ey | S Lo
00

0<pB<1,1<q<o0,

where L,[0,1] is the space of the all integrable functions defined on [0, 1],
equipped with the norm

1

Il fllz,00= {/|f(x)|qdm}%

0

Moreover, the discrete analogy of these results for the positive difference op-
erator A7 defined by the formula (4) is investigated. It is established that the
spaces Eq q(Lg.n, A7) and W; coincide for any 0 < o < 5 , and their norms
are equivalent uniformly in A, 0 < h < hg.The p051t1v1ty of the difference
operator A7 in W2[0,1],(0 < « < 3) is established. In applications, the
coercive inequalities for the solutions of the nonlocal boundary-value prob-
lem for two-dimensional elliptic equation and of the second order of accuracy

difference schemes for the numerical solution of this problem are obtained.

2 The positivity of differential operator A*.The
structure of fractional spaces E, 4(L4[0,1], A”)

Theorem 3. For any 0 < a < % the norms of the spaces E, 4(L4[0,1], A™)
and W2*[0,1] are equivalent.

The proof of this theorem follows the scheme of the proof of the theorem
in [AK95] and it is based on the formulas

AT (A + A" f(2) = )+ [ J(@,s;A+0)(f(x) — f(s))ds,

o _

1 oo
://J(a;,s;/\+t+6)Ax A+t 4+ A7 f(s)dtds
0 0

for the positive differential operator A* and on the pointwise estimates of the
Green’s function of the resolvent equation
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A*u+ = f

or

and its derivative.

Theorem 4. For all A, A € R, = {\: |argA\| < p, o < 7/2},0 € (0,1) and
|IA| > Ko > 0 the resolvent (A + AT)" s subject to the bound

M(p,9)

— T 14+ M)
W2e[0,1]-w2e[0,1] — a1 — 2a)( +1AD

H()\I + Am)*H

where M (p, ) does not depend on .

The proof of this theorem follows the scheme of the proof of the theorem in
[AK95] and it is based on the estimate (1) and on the positivity of differential
operator A” in L,[0, 1]. The proof of the positivity of differential operator A*
in L,[0, 1] is based on the formula

1
(A + A7)" /Ja:sA+6 F(s)ds
0

and on the pointwise estimates for the Green’s function of the resolvent equa-
tion (5) and its derivative.

Now, we consider the nonlocal boundary-value problem for two-dimensional
elliptic equation

—%2712‘—a(x)g%‘—HSu:f(t,x),0<t<T,O<x< 1,
u(0,z) = ¢(z), u(T, z) = (z), 0 <z <1, (6)
u(t,0) = u(t, 1), ug(t,0) = u,(¢,1), 0<t<T,

where a(z), (), ¥(x) and f(t,x) are given sufficiently smooth functions and
a(z) > a >0, 0 >0 is a sufficiently large number.

Theorem 5. For the solution of the boundary value problem (1) the following
coercive inequalities are valid:

0u 0%u
I 52 leotomiwzean + 1 55 lr,omwze0.)
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< M(q,p,a) | f ||Lp([0,T],qua[0,1]) +M(04)(H<P||Wq2a[o,1] + H"/}||W{12<'[0,1])>

1

l<pg<oo,0<a<-—.

2
Here M(q,p,«) and M(«) are independent of f(t,x), p(x) and ¥(x).

The proof of Theorem 5 is based on the Theorem 3 on the structure of the
fractional spaces Eq 4(L4[0,1], A”) and the Theorem 4 on the positivity of
the operator A* in W2[0,1] and on the following theorems on the structure

of the fractional spaces Eq 4(Lq[0,1], (A®)2)[Ash92, Tri78] and on coercivity
inequalities in L,(FE, 4)[AS04] for the solution of the abstract boundary-value
problem for differential equation

—0"(t) + Av(t) = f(t) (0 <t < T),0(0) = vo,o(T) = vr (7)
in an arbitrary Banach space E with the linear positive operator A .

Theorem 6. The spaces Eq ¢(Lq, A¥) and E3, ,(Lg, (A®)2) coincide for any
0<a< 7, and their norms are equivalent.

Theorem 7. Let 1 < p, g < 00 and 0 < o < 1.Suppose that A is the positive
operator in a Banach space E. Then problem (7) is well posed in Ly(E7, )
and the coercivity inequality holds:

M (q)p*
0"z, ez y + I Av]L, &z ) < —||f||L
(BL ) (B ) al—a)(p—1)
+M(||A¢l|Es , + [|AY]|Ez )

where M, M(q) do not depend on o, p,p,% and f(t). Here, the Banach space
E. .= E;yq(E,A%)(O <a<1,1<q<o0) consists of those v € E for which
the norm

- d)\ /4
loles, = (A | Atept-aato I )

18 finite.

3 The positivity of difference operator A7.The structure
of fractional spaces Eq 4(Lq[0,1]n, AT)

We denote Lg, = Ly 10, 1]h and W2, = W0,1]n, 1 < ¢ < oo the Banach
spaces of all grid functions v" = {vk}]lv[ Ydefined on [0,1], = {xx = kh, 0 <
k< M, Mh =1} equipped with the norms

M-—1

h 1
16, = (3 loelth)s,
k=1
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M—-1M-1 |4P 0 | .

h k k+ h 1

et s, = (D2 32 B + 1, )%
k=1 m=1

0<pfB<1,1<¢qg< 0.

Note that the Banach space £y, , = E}, ,(E, B)(0 < o < 1) consists of those
v € E for which the norm

oo

o llm, = ( / 2% | B(=+ B) v ||t

0

lvllez=llv e,  =supA* | BO+B) 'v g
A>0

)i, 1<q

N

o0,

dz
z

is finite.

Theorem 8. The the spaces Eq q(Lgn, A7) and WqQ‘;‘L coincide for any 0 <
a< i 5, and their norms are equivalent uniformly in h,0 < h < ho.

The proof of this theorem follows the scheme of the proof of the theorem
in [AKO1] and it is based on the formulas

b
AT (N + AR Z (ks ji A+ 0) [fi = fil h 4 55 frs 0 S b < M,

OM-1
/ZJ kyjit+ A+ 08) AL (L+ A+ AP fjhdt, 0 < k < M

for the positive difference operator A} and on the pointwise estimates for the
Green’s function of the resolvent equation
Aful + Ml =

or

Ug41 — 2Up + Ug—1
—ay,

2 + dup + Aug, = fk, (8)

ar = a(zg), fr = f(ag), 2z = kh,1 <k <M —1,
Uug = upng, —uz +4uy — 3ug = up—2 — dup—1 + 3un
and its difference derivative.

Theorem 9. For all \, A € R, = {\: \argx\\ <g,o<m/2},a€(0,3) and
IA| > Ko > 0 the resolvent (A + A“”) is subject to the bound
M, 9)

O+ 407 g e < a7 2

(1T+ )"

where M (p, ) does not depend on A and h.
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The proof of this theorem follows the scheme of the proof of the theorem in
[AKO1] and it is based on the estimate (1) and on the positivity of difference
operator A7 in L, ;. The proof of the positivity of difference operator A7 in
L, p is based on the formula

M—-1
A+ AN fo= > Tk s A+06)f;h,0 < k< M,
j=1
1
(A+ A% /stk+5f()
0

and on the pointwise estimates for the Green’s function of the resolvent equa-
tion (8) and its difference derivative.

In applications, we consider the difference scheme of the second order of
accuracy

— o (ufy = 20 up_y) — o (= 2w+ duf = o,
(PZ = f(tkvxn)> a® = a(l’n), tr = kTﬂ Tn = nh7
1<k<N-1,1<n<M—1Nr=1Mh=1, 9)

UZ)L:(PnauR/:dfna@n:SD(%n)» ¢n:¢($n),$n:nh70§n§Ma

u) = u)l, —ud +dul —3u) = w7 — 4T 4 3uM 0< k<N
for the approximate solution of the nonlocal boundary-value problem (6).

Theorem 10. Let 7 and h be a sufficiently small numbers. For the solution
of the difference problem (9) the following inequalities are valid:

{72 (uy — 20 +ui_g) b ”L,”(W?”)

n n n— M-1 —
=+ ” {{h ( i 2uk +uk 1)}1 }{V ! ”Lp,r(Wz“)

a,h

< M(p,q. @) | {ok 3" IIL,,,(wm)

9, n M-1
M(p,o)( {h72(@" ™ = 20" + " I llweg
-2/, ,n+1 n n—1\\M—1 1
HIHAT @™ = 29" +9" ) llwzg) 1 <pg<oo,0<a<g,

where M (p, q,«) and M(p,«) do not depend on {<pk} Lol . b and 7.
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The proof of Theorem 10 is based on the Theorem 8 on the structure of
the fractional spaces Eq q(Lg.n, A7) and the Theorem 9 on the positivity of
the operator A} in W% and on the following theorems on the structure of the

fractional spaces Eq q(Lqgn, (A%)2) [Ash92] and on coercivity inequalities in
Ly, - (Eq,q) [AS04] for the solution of the second order of accuracy difference
scheme

— 25 (U1 — 2uk + up—1) + Aug = fi, fo = f(tr), tx = kT,
(10)
1S]€SN—1,NT:1,U0:§0,UN:'¢

for the approximate solution of the boundary-value problem (7).

Theorem 11 The spaces Eq q(Lg.p, A7) and Eaq q(Lg, (Ai)%) coincide for
any 0 < a < % 5, and their norms are equivalent uniformly in h, 0 < h < ho.

Theorem 12. Let1 < p, g < 00 and 0 < a < 1.Suppose that A is the positive
operator in a Banach space E. Then problem (10) is well posed in Ly, - (Eq q)
and the coercivity inequality holds:

1 _
||{;(uk+1—2uk+uk,1)}f’ 1Ly r(Ba) + I{AWY Ly (Bay)

M (q)p?
S al-a)p-1)

where M, M(q) do not depend on a, p,p,1, {fk}{v_l and T.

3 " ey 5o + MUIAS]| B, , + 1AV E, ),
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The time-fractional diffusion equation is obtained by generalizing the standard
diffusion equation by using a proper time-fractional derivative of order 1 — 3
in the Riemann-Liouville (R-L) sense or of order § in the Caputo (C) sense,
with 6 € (0,1). The two forms are equivalent and the fundamental solution
of the associated Cauchy problem is interpreted as a probability density of a
self-similar non-Markovian stochastic process, related to a phenomenon of sub-
diffusion (the variance grows in time sub-linearly). A further generalization
is obtained by considering a continuous or discrete distribution of fractional
time-derivatives of order less than one. Then the two forms are no longer
equivalent. However, the fundamental solution still is a probability density of a
non-Markovian process but one exhibiting a distribution of time-scales instead
of being self-similar: it is expressed in terms of an integral of Laplace type
suitable for numerical computation. We consider with some detail two cases of
diffusion of distributed order: the double order and the uniformly distributed
order discussing the differences between the R-L and C approaches. For
these cases we analyze in detail the behaviour of the fundamental solutions
(numerically computed) and of the corresponding variance (analytically
computed) through the exhibition of several plots. While for the R-L and
for the C cases the fundamental solutions seem not to differ too much for
moderate times, the behaviour of the corresponding variance for small and
large times differs in a remarkable way.
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1 Introduction

The main physical purpose for adopting and investigating diffusion equations
of fractional order to describe phenomena of anomalous diffusion usually met
in transport processes through complex and/or disordered systems including
fractal media. In this respect, in recent years interesting reviews, see e.g.
[MKO00, MKO04, PSWO05, Zas02], have appeared, to which (and references
therein) we refer the interested reader.

All the related models of random walk turn out to be beyond the classical
Brownian motion, which is known to provide the microscopic foundation of
the standard diffusion, see e.g. [KS05, SK05]. The diffusion-like equations
containing fractional derivatives in time and/or in space are usually adopted
to model phenomena of anomalous transport in physics, so a detailed study
of their solutions is required.

Our attention in this paper will be focused on the time-fractional diffusion
equations of a single or distributed order less than 1, which are known to be
models for sub-diffusive processes.

Since in the literature we find two different forms for the time-fractional
derivative, namely the one in the Riemann-Liouville (R-L) sense, the other in
the Caputo (C) sense, we will study the corresponding time-fractional diffusion
equations separately. Specifically, we have worked out how to express their
fundamental solutions in terms of an integral of Laplace type suitable for a
numerical evaluation. Furthermore we have considered the time evolution of
the variance for the R-L and C cases. It is known that for large times the
variance characterizes the type of anomalous diffusion.

The plan of the paper is as follows.

In Section 2, after having shown the equivalence of the two forms for the
time-fractional diffusion equation of a single order, namely the R-L form and
the C form, we recall the main results for the common fundamental solution,
which are obtained by applying two different strategies in inverting its Fourier-
Laplace transform. Both techniques yield the fundamental solution in terms
of special function of the Wright type that turns out to be self-similar through
a definite space-time scaling relationship.

In Section 3 we apply the second strategy for obtaining the fundamental
solutions of the time-fractional diffusion equation of distributed order in the
R-L and C forms, assuming a general order density. We provide for these
solutions a representation in terms of a Laplace-type integral of a Fox-Wright
function that appears suitable for a numerical evaluation in finite space-time
domains. We also provide the general expressions for the Laplace transforms
of the corresponding variance.

Then, in Section 4, we consider two case-studies for the fractional diffusion
of distributed order: as a discrete distribution we take two distinct orders
b1,02 with 0 < (1 < (2 < 1; as continuous distribution we take the
uniform density with 0 < § < 1. For these cases we provide the graphical



