
B OLYAI SO CIETY
MATHEMATICAL STUDIES 19  



BOLYAYY I SOCIETY MATHEMATITT CACC L STUDIES

Series Editor:
Gábor Fejes Tóth
Publication Board:
Gyula O. H. Katona
László Lovász
Péter Pál Pálfy
András Recski
András Stipsicz
Domokos Szász
Managing Editor:
Dezső̋̋ Miklós

  1. Combinatorics, Paul Erdős is Eighty, Vol. 1
D. Miklós, V.T. Sós, T. Szőnyi (Eds.)

  2. Combinatorics, Paul Erdős is Eighty, Vol. 2
D. Miklós, V.T. Sós, T. Szőnyi (Eds.)

  3. Extremal Problems for Finite Sets
P. Frankl, Z. Füredi, G. Katona, D. Miklós (Eds.)

  4.  Topology with Applications
A. Császár (Ed.)

  5. Approximation Theory and Function Series
P. Vértesi, L. Leindler, Sz. Révész, J. Szabados, V. Totik (Eds.)

  6. Intuitive Geometry
I. Bárány, K. Böröczky (Eds.)

  7.  Graph Theory and Combinatorial Biology
L. Lovász, A. Gyárfás, G. Katona, A. Recski (Eds.)

  8. Low Dimensional Topology
K. Böröczky, Jr., W. Neumann, A. Stipsicz (Eds.)

  9. Random Walks
P. Révész, B. Tóth (Eds.)

10. Contemporary Combinatorics
B. Bollobás (Ed.)

11. Paul Erdős and His Mathematics I+II
G. Halász, L. Lovász, M. Simonovits, V. T. Sós (Eds.)

12. Higher Dimensional Varieties and Rational Points
K. Böröczky, Jr., J. Kollár, T. Szamuely (Eds.)

13. Surgery on Contact 3-Manifolds and Stein Surfaces
B. Ozbagci, A. I. Stipsicz

14. A Panorama of Hungarian Mathematics in the Twentieth Century, Vol. 1
J. Horváth (Ed.)

15. More Sets, Graphs and Numbers
E. Győri, G. Katona, L. Lovász (Eds.)

16. Entropy, Search, Complexity
I. Csiszár, G. Katona, G. Tardos (Eds.)

17. Horizons of Combinatorics
E. Győri, G. Katona, L. Lovász (Eds.)

18. Handbook of Large-Scale Random Networks
B. Bollobás, R. Kozma, D. Miklós (Eds.)



Martin Grötschel
Gyula O. H. Katona (Eds.)

Building Bridges

JÁNOS BOLYJJ AYY I MATHEMATICACC L SOCIETYTT

Between Mathematics
and Computer Science



Martin Grötschel
Konrad-Zuse-Zentrum 
für Informationstechnik Berlin (ZIB)
Takustr. 7
14195 Berlin
Germany
e-mail: groetschel@zib.de

Gyula O. H. Katona
Hungarian Academy of Sciences
Alfréd Rényi Institute of Mathematics
Reáltanoda u. 13-15
Budapest 1053
Hungary
e-mail: ohkatona@renyi.hu

Mathematics Subject Classification (2000): 05-XX, 68-XX

ISSN 1217-4696
ISBN 3-540-85218-6  Springer Berlin Heidelberg New York
ISBN 978-963-9453-11-1  János Bolyai Mathematical Society, Budapest

This work is subject to copyb right. All rights are reserved, whether the whole or part of the mateaa rial 
is concerned, specififf cally the rights of translation, reprinting, reuse of illustrations, recitation, broad-
casting, reproduction on microfilm or in any other way, and storage in data banks. Duplication of this
publication or parts thereof is permitted only under the provisions of the German Copyright Law of 
September 9, 1965, in its current version, and permission for use must always be obtained from Springer.
Violations are liable for prosecution under the German Copyright Law.
Springer is a part of Springer Science+Business Media
springer.com
© 2008 János Bolyai Mathematical Society and Springer-Verlag
Printed in Hungary
The use of general descriptive names, registered names, trademarks, etc. in this publication does not 
imply, even in the absence of a specific stateff ment, that such names are exempt from the relevant protec-
tive laws and regulations and therefore free for general use.
Cover design: WMXDesign GmbH, Heidelberg
Printed on acid-free paper        44/3142/db – 5 4 3 2 1 0

Library of Congress Control Number: 2008932353

Managing Editor:
Gábor Sági
Hungarian Academy of Sciences
Alfréd Rényi Institute of Mathematics
Reáltanoda u. 13-15
Budapest 1053
Hungary
e-mail: sagi@renyi.hu



Contents

Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
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Preface

László Lovász, briefly called Laci by his friends, turned sixty on March 9,
2008. To celebrate this special birthday two conferences have been held in
Hungary, one in Budapest (August 5–9, 2008) with invited speakers only
and one in Keszthely (August 11–15, 2008). Several top mathematicians
and computer scientists have not only lectured at these meetings but also
dedicated (together with some coauthors) research papers to this occasion.
This volume is the collection of their articles. The contributions to the
conferences and this book honor a person who has not only made an al-
most uncountable number of fundamental contributions to mathematics and
computer science, but who also broke down many borders between mathe-
matical disciplines and built sustainable bridges between mathematics and
computer science.

Laci has been a role model for many young researchers, he inspired lots
of colleagues, and guided quite a few scientific careers. In addition, he is an
extremely nice person and very pleasant colleague, and that is why so many
researchers have come to the “Lovász meetings” in Hungary to present their
best recent work and celebrate with him.

In the Fazekas Mihály Gimnázium in Budapest, a breeding place of
world class mathematicians, Laci’s outstanding talent became visible at
very young age. He did not only win various mathematics competitions in
Hungary, Lovász also won three gold medals and one silver medal in the
International Mathematical Olympiad. The solution of an open problem
in lattice theory gained him his first international visibility and soon after,
in 1972, his proof of the perfect graph theorem earned him lasting fame in
graph theory. An unparalleled sequence of scientific achievements followed
and is continuing till today. It is impossible to mention even a small
fraction of Laci’s results here. The list of his publications (up to summer
2008) is contained in this volume to indicate the breadth and depth of his
contributions.

Being a combinatorialist at heart, like so many Hungarian mathemati-
cians, it has been natural for Laci to employ combinatorial techniques in
other areas of mathematics; but he also brought topology, algebra, analysis,
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stochastics and other mathematical fields to combinatorics, often in quite
unusual ways. In this way he opened up quite a number of new flourishing
fields of research. Algorithmic issues such as polynomial time solvability
and general complexity theory opened his eyes for computer science where
he particularly contributed to the interface between computer science and
discrete mathematics.

After a distinguished academic career with employments and visiting
positions in Szeged, Budapest, Waterloo, Bonn, Cornell, Princeton, Yale
(and guest professorships in many other places) Lovász had worked for
Microsoft Research in Redmond from 1998 to 2006. He returned thereafter
to Budapest to become director of the Mathematical Institute of Eötvös
Loránd University.

His international reputation is stellar. One proof of this claim is a re-
markable series of prestigious honors; among them are the Grünwald, Pólya,
Fulkerson, Wolf, Knuth, Gödel, von Neumann, Bolyai, and Széchenyi Prizes
and various other distinctions such as honorary degrees and professorships.
In 2006 László Lovász has been elected president of the International Math-
ematical Union for the years 2007 to 2010. A few more details can be found
in his (very brief) Curriculum Vitae on pages 11 to 13 in this volume.

Laci has always been a family man, a loving husband, father, and
meanwhile also grandfather. With Kati Vesztergombi, his wife for almost
40 years, he has not only shared family and friends; Kati and Laci are also
closely linked by their common love for mathematics. Their relationship
has not only resulted in three wonderful daughters and a son but also in
two joint books and quite a number of papers. Kati has been a mainstay
in Laci’s life since their common time in high school. That is why we have
chosen to display a husband and wife portrait of the couple on page 9 of
this volume.

Budapest
August 2008

Martin Grötschel
Gyula Katona



Kati Vesztergombi and László Lovász
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Grünwald Géza Prize, Bolyai Society, 1970;
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[63] L. Lovász: Flats in matroids and geometric graphs, in: Combinatorial Surveys,

Proc. 6th British Comb. Conf., Academic Press (1977), 45–86.

[64] R. L. Graham, L. Lovász: Polynomes de la matrice des distences d’un arbre, in:

Problemes Combinatoires et Theorie de Graphes, CNRS (1977), 189–190.

[65] R. L. Graham, L. Lovász: Distance matrices of trees, in: Theory and Appl. of

Graphs, Lecture Notes in Math., 642 (1978), Springer, 186–190; journal version:

Distance matrix polynomials of trees, Adv. in Math., 29 (1978), 60–88.

[66] L. Lovász, V. Neumann-Lara, M. D. Plummer: Mengerian theorems for paths with

bounded length, Periodica Math. Hung., 9 (1978), 269–276.

[67] L. Lovász: Some finite basis theorems in graph theory, in: Combinatorics, Coll.

Math. Soc. J. Bolyai, 18 (1978), 717–729.

[68] L. Lovász, K. Vesztergombi: Restricted permutations and the distribution of Stir-

ling numbers, in: Combinatorics, Coll. Math. Soc. J. Bolyai, 18 (1978), 731–738.

[69] L. Lovász: Kneser’s conjecture, chromatic number, and homotopy, J. Comb. The-

ory A, 25 (1978), 319–324.

[70] L. Lovász: Topological and algebraic methods in graph theory, in: Graph Theory

and Related Topics, Academic Press (1979), 1–14.

[71] P. Erdős, L. Lovász, J. Spencer: Strong independence of graphcopy functions, in:

Graph Theory and Related Topics, Academic Press (1979), 165–172.

[72] L. Lovász: Graph theory and integer programming, Annals of Discrete Math., 4

(1979), 141–158.

[73] L. Lovász: On the Shannon capacity of graphs, IEEE Trans. Inform. Theory, 25

(1979), 1–7.

[74] A. Hajnal, L. Lovász: An algorithm to prevent the propagation of certain diseases at

minimum cost, in: Interfaces between Computer Science and Operations Research,

Amsterdam Math. Centr. Tract, 99 (1979), 105–108.
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On the Power of Linear Dependencies

IMRE BÁRÁNY

Simple as they may be, linear dependencies have proved very useful in many

ways. In this survey several geometric applications of linear dependencies are

discussed, focusing on rearrangements of sums and on sums with ±1 signs.

1. Introduction

Linear algebra is a basic and powerful tool in many areas of mathematics. In
combinatorics, for instance, there are several cases when the size of a set can
be bounded by a number n because the elements of the set are associated
with vectors in R

n, and these vectors turn out to be linearly independent.
The excellent book [1] by Babai and Frankl (which is unfortunately, still
unpublished) contains thousands of beautiful applications of the so-called
linear algebra method.

This article describes another kind of use of linear algebra, this time in
geometry. The method uses linear dependencies and is often referred to as
the method of floating variables. The same method is used at other places
as well, for instance in discrepancy theory, in the Beck–Fiala theorem [7] or
[8], and in probability theory, [9]. Here we focus on rearrangement of sums
and on sums with ±1 signs.

In what follows the setting is the d-dimensional Euclidean space R
d,

together with a (Minkowski) norm, ‖ · ‖ whose unit ball is denoted by B

or B
d. We write N for the set of natural numbers and [n] for the set

{1, 2, . . . , n} where n ∈ N. We assume that V ⊂ B is a finite set.
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2. The Steinitz lemma

Assume V ⊂ B is finite and
∑

v∈V v = 0. The question, due to Riemann
and Lévy, is whether there is an ordering, v1, v2, . . . , vn, of the elements
of V such that all partial sums along this order are bounded by a number
that only depends on B. The answer is yes. An incomplete proof came
from Lévy [17] in 1905. The first complete proof, from 1913, is due to
Steinitz [20], and that’s why it is usually called the Steinitz Lemma.

Theorem 2.1. Given a finite set V ⊂ B with
∑

v∈V v = 0, where B is the

unit ball of a norm in R
d, there is an ordering v1, v2, . . . , vn of the elements

of V such that for all k ∈ [n]

k∑
1

vi ∈ dB.

So all partial sums are contained in a blown-up copy of the unit ball,
with blow-up factor d. We will return to the value of the blow-up factor
later. Let’s see first the proof of Theorem 2.1, which is our first application
of linear dependencies.

Proof. The key step is the construction of sets Vd+1 ⊂ · · · ⊂ Vn−1 ⊂ Vn = V

where |Vk| = k, together with functions αk : Vk → [0, 1] satisfying∑
v∈Vk

αk(v)v = 0

∑
v∈Vk

αk(v) = k − d.

So the functions αk(.) are linear dependencies on Vk, with coefficients in
[0, 1] that sum to k − d.

The construction goes by backward induction. The starting case k = n

is easy: Vn = V and αn = (n− d)/n satisfy the requirements. Assume now
that Vk and αk have been constructed, and consider the auxiliary system∑

v∈Vk

β(v)v = 0,
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v∈Vk

β(v) = k − 1− d,

0 ≤ β(v) ≤ 1 for all v ∈ Vk.

Write P for the set of functions β : Vk → [0, 1] satisfying this auxiliary
system. The elements of P can and will be regarded as vectors in R

k whose
components are indexed by the elements of Vk.

Note that P is non-empty since β(v) = k−1−d
k−d αk(v) belongs to P . Thus

P is a convex polytope, lying in the unit cube of R
k. Let β

∗(.) be an extreme
point of P .

We claim now that β
∗(v) = 0 for some v ∈ Vk. Indeed, assume β

∗(v) > 0
for all v ∈ Vk. The auxiliary system has d + 1 equations and k variables, so
at least k − (d + 1) of the inequalities β

∗(v) ≤ 1 are satisfied as equalities
(the inequalities β

∗(v) ≥ 0 are all strict). Then
∑

v∈Vk
β
∗(v) > k − d − 1

(we use k > d+1 here), which contradicts one of the conditions defining P .

Let v
∗
∈ Vk be an element with β

∗(v∗) = 0, and define Vk−1 = Vk \ {v
∗
}

and αk−1(v) = β
∗(v) for all v ∈ Vk−1. All conditions are satisfied for Vk−1

and αk−1. The construction is finished.

Now we ready to order the elements of V . For k = n, n − 1, . . . , d + 2
we set, quite naturally,

vk = Vk \ Vk−1.

The remaining d + 1 vectors are ordered arbitrarily.

We check, finally, that all partial sums are contained in dB. This is
trivial for the first d partial sums. Assume now that k ≥ d + 1.

k∑
1

vi =
∑
v∈Vk

v =
∑
v∈Vk

v −

∑
v∈Vk

αk(v)v =
∑
v∈Vk

(
1− αk(v)

)
v.

Taking norms and using that 1− αk(v) ≥ 0 and ‖v‖ ≤ 1 gives

∥∥∥∥ k∑
1

vi

∥∥∥∥ ≤ ∑
v∈Vk

(
1− αk(v)

)
= k − (k − d) = d.

This splendid proof, due to Grinberg and Sevastyanov [13], is a stream-
lined version of an earlier one by Sevastyanov [21]. Steinitz’s original proof


