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PREFACE

Laszl6 Lovasz, briefly called Laci by his friends, turned sixty on March 9,
2008. To celebrate this special birthday two conferences have been held in
Hungary, one in Budapest (August 5-9, 2008) with invited speakers only
and one in Keszthely (August 11-15, 2008). Several top mathematicians
and computer scientists have not only lectured at these meetings but also
dedicated (together with some coauthors) research papers to this occasion.
This volume is the collection of their articles. The contributions to the
conferences and this book honor a person who has not only made an al-
most uncountable number of fundamental contributions to mathematics and
computer science, but who also broke down many borders between mathe-
matical disciplines and built sustainable bridges between mathematics and
computer science.

Laci has been a role model for many young researchers, he inspired lots
of colleagues, and guided quite a few scientific careers. In addition, he is an
extremely nice person and very pleasant colleague, and that is why so many
researchers have come to the “Lovéasz meetings” in Hungary to present their
best recent work and celebrate with him.

In the Fazekas Mihaly Gimnazium in Budapest, a breeding place of
world class mathematicians, Laci’s outstanding talent became visible at
very young age. He did not only win various mathematics competitions in
Hungary, Lovasz also won three gold medals and one silver medal in the
International Mathematical Olympiad. The solution of an open problem
in lattice theory gained him his first international visibility and soon after,
in 1972, his proof of the perfect graph theorem earned him lasting fame in
graph theory. An unparalleled sequence of scientific achievements followed
and is continuing till today. It is impossible to mention even a small
fraction of Laci’s results here. The list of his publications (up to summer
2008) is contained in this volume to indicate the breadth and depth of his
contributions.

Being a combinatorialist at heart, like so many Hungarian mathemati-
cians, it has been natural for Laci to employ combinatorial techniques in
other areas of mathematics; but he also brought topology, algebra, analysis,
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stochastics and other mathematical fields to combinatorics, often in quite
unusual ways. In this way he opened up quite a number of new flourishing
fields of research. Algorithmic issues such as polynomial time solvability
and general complexity theory opened his eyes for computer science where
he particularly contributed to the interface between computer science and
discrete mathematics.

After a distinguished academic career with employments and visiting
positions in Szeged, Budapest, Waterloo, Bonn, Cornell, Princeton, Yale
(and guest professorships in many other places) Lovédsz had worked for
Microsoft Research in Redmond from 1998 to 2006. He returned thereafter
to Budapest to become director of the Mathematical Institute of E6tvos
Lorand University.

His international reputation is stellar. One proof of this claim is a re-
markable series of prestigious honors; among them are the Griinwald, Pdlya,
Fulkerson, Wolf, Knuth, Gédel, von Neumann, Bolyai, and Széchenyi Prizes
and various other distinctions such as honorary degrees and professorships.
In 2006 Lészlé Lovasz has been elected president of the International Math-
ematical Union for the years 2007 to 2010. A few more details can be found
in his (very brief) Curriculum Vitae on pages 11 to 13 in this volume.

Laci has always been a family man, a loving husband, father, and
meanwhile also grandfather. With Kati Vesztergombi, his wife for almost
40 years, he has not only shared family and friends; Kati and Laci are also
closely linked by their common love for mathematics. Their relationship
has not only resulted in three wonderful daughters and a son but also in
two joint books and quite a number of papers. Kati has been a mainstay
in Laci’s life since their common time in high school. That is why we have
chosen to display a husband and wife portrait of the couple on page 9 of
this volume.

Budapest Martin Grotschel
August 2008 Gyula Katona



Kati Vesztergombi and Ldszlé Lovdsz
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Fields of research: Combinatorial optimization, graph theory, theoretical
computer science.

Publications: 9 books, 250 research papers.
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ON THE POWER OF LINEAR DEPENDENCIES

IMRE BARANY

Simple as they may be, linear dependencies have proved very useful in many
ways. In this survey several geometric applications of linear dependencies are
discussed, focusing on rearrangements of sums and on sums with +1 signs.

1. INTRODUCTION

Linear algebra is a basic and powerful tool in many areas of mathematics. In
combinatorics, for instance, there are several cases when the size of a set can
be bounded by a number n because the elements of the set are associated
with vectors in R"™, and these vectors turn out to be linearly independent.
The excellent book [1] by Babai and Frankl (which is unfortunately, still
unpublished) contains thousands of beautiful applications of the so-called
linear algebra method.

This article describes another kind of use of linear algebra, this time in
geometry. The method uses linear dependencies and is often referred to as
the method of floating variables. The same method is used at other places
as well, for instance in discrepancy theory, in the Beck—Fiala theorem [7] or
[8], and in probability theory, [9]. Here we focus on rearrangement of sums
and on sums with £1 signs.

In what follows the setting is the d-dimensional Euclidean space R¢,
together with a (Minkowski) norm, || - || whose unit ball is denoted by B
or B4 We write N for the set of natural numbers and [n] for the set
{1,2,...,n} where n € N. We assume that V' C B is a finite set.
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2. THE STEINITZ LEMMA

Assume V' C B is finite and ), .y, v = 0. The question, due to Riemann
and Lévy, is whether there is an ordering, vi,vo,...,v,, of the elements
of V such that all partial sums along this order are bounded by a number
that only depends on B. The answer is yes. An incomplete proof came
from Lévy [17] in 1905. The first complete proof, from 1913, is due to
Steinitz [20], and that’s why it is usually called the Steinitz Lemma.

Theorem 2.1. Given a finite set V' C B with ) _\,v =0, where B is the
unit ball of a norm in R?, there is an ordering vi,vs, . .., v, of the elements
of V such that for all k € [n]

k
Zvi € dB.
1

So all partial sums are contained in a blown-up copy of the unit ball,
with blow-up factor d. We will return to the value of the blow-up factor
later. Let’s see first the proof of Theorem 2.1, which is our first application
of linear dependencies.

Proof. The key step is the construction of sets V41 C--- C Vo1 C V=V
where |V| = k, together with functions ay: Vi, — [0, 1] satisfying

Z ag(v)v =0

vEV),

Z ag(v) =k —d.

veVy,

So the functions ay(.) are linear dependencies on Vi, with coefficients in
[0,1] that sum to k — d.

The construction goes by backward induction. The starting case k = n
is easy: V;, =V and «a,, = (n — d)/n satisfy the requirements. Assume now
that Vi and oy have been constructed, and consider the auxiliary system

> By =0,

veVy
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> Bw)=k—1-d,

vEV)

0<pBw)<1 forall veV.

Write P for the set of functions f: Vi — [0, 1] satisfying this auxiliary
system. The elements of P can and will be regarded as vectors in R*¥ whose
components are indexed by the elements of V.

Note that P is non-empty since 3(v) = 2224, (v) belongs to P. Thus
P is a convex polytope, lying in the unit cube of R*. Let 3*(.) be an extreme
point of P.

We claim now that §*(v) = 0 for some v € Vj. Indeed, assume §*(v) > 0
for all v € V. The auxiliary system has d + 1 equations and k variables, so
at least k — (d + 1) of the inequalities §*(v) < 1 are satisfied as equalities
(the inequalities 8*(v) > 0 are all strict). Then .y 8%(v) > k—d—1
(we use k > d+1 here), which contradicts one of the conditions defining P.

Let v* € Vj, be an element with §*(v*) = 0, and define Vi1 = V; \ {v*}
and ag_1(v) = §*(v) for all v € V;_1. All conditions are satisfied for Vj,_
and ap_1. The construction is finished.

Now we ready to order the elements of V. For k =n,n—1,...,d+ 2
we set, quite naturally,

v = Vi \ Va—1.

The remaining d + 1 vectors are ordered arbitrarily.

We check, finally, that all partial sums are contained in dB. This is
trivial for the first d partial sums. Assume now that & > d + 1.

;WZ ZU: Zv— Zak(v)v: Z (1—ag(v))wv.

veVy veVy veVy veVy

Taking norms and using that 1 — ag(v) > 0 and ||v|| < 1 gives

<> (1-a) =k—(k—d)=d. ]

vEV),

k
1550

1

This splendid proof, due to Grinberg and Sevastyanov [13], is a stream-
lined version of an earlier one by Sevastyanov [21]. Steinitz’s original proof



