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Preface

The past decade has seen a notable resurgence in both applied and theoretical
research on Markov decision processes. Branching out from operations research roots
of the 1950’s, Markov decision process models have gained recognition in such diverse
fields as ecology, economics, and communications engineering. These new applica-
tions have been accompanied by many theoretical advances. In response to the
increased activity and the potential for further advances, 1 felt that there was a need
for an up-to-date, unified and rigorous treatment of theoretical, computational, and
applied rescarch on Markov decision process models. This book is my attempt to
meet this need. .

I have written this book with two primary objectives in mind: to provide a
comprehensive reference for researchers, and to serve as a text in an advanced
undergraduate or graduate level course in operations research, economics, or control
engineering. Further, I hope it will serve as an accessible introduction to the subject
for investigators in other disciplines. I expect that the material in this book will be of
interest to management scientists, computer scientists, economists, applied mathe-
maticians, control and communications engineers, statisticians, and mathematical
ecologists. As a prerequisite, a reader should have some background in real analysis,
linear algebra, probability, and linear programming; however, I have tried to keep the
book self-contained by including relevant appendices. I hope that this book will
inspire readers to delve deeper into this subject and to use these methods in research
and application.

Markov decision processes, also referred to as stochastic dynamic programs or
stochastic control problems, are models for sequential decision making when out-
comes are uncertain. The Markov decision process model consists of decision epochs,
states, actions, rewards, and transition probabilities. Choosing an action in a state
generates a reward and determines the state at the next decision epoch through a
transition probability function. Policies or strategies are prescriptions of which action
to choose under any eventuality at every future decision epoch. Decision makers seek
policies which are optimal in some sense. An analysis of this model includes

. providing conditions under which there exist easily implementable optimal
policies;

. determining how to recognize these policies;

. developing and enhancing algorithms for computing them; and

. establishing convergence of these algorithms.

—
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xvi PREFACE

Surprisingly these analyses depend on the criterion used to compare policies. Because
of this, I have organized the book chapters on the basis of optimality criterion.

The primary focus of the book is infinite-horizon discrete-time models with
discrete state spaces; however several sections (denoted by *) discuss models with
arbitrary state spaces or other advanced topics. In addition, Chap. 4 discusses
finite-horizon models and Chap. 11 considers a special class of continuous-time
discrete-state models referred to as semi-Markov decision processes.

This book covers several topics which have received little or no attention in other
books on this subject. They include modified policy iteration, multichain models with
average reward criterion, and sensitive optimality. Further I have tried to provide an
in-depth discussion of algorithms and computational issues. The Bibliographic
Remarks section of each chapter comments on relevant historical references in the
extensive bibliography. I also have attempted to discuss recent research advances in
areas such as countable-state space models with average reward criterion, constrained
models, and models with risk sensitive optimality criteria. I include a table of symbols
to help follow the extensive notation. As far as possible I have used a common
framework for presenting results for each optimality criterion which

explores the relationship between solutions to the optimality equation and the
optimal value function;

establishes the existence of solutions to the optimality equation;

shows that it characterizes optimal (stationary) policies;

investigates solving the optimality equation using value iteration, policy iteration,
modified policy iteration, and lincar programming;

establishes convergence of these algorithms;
* discusses their implementation; and
= provides an approach for determining the structure of optimality policies.

With rigor in mind, I present results in a “theorem-proof” format. I then elaborate
on them through verbal discussion and examples. The model in Sec. 3.1 is analyzed
repeatedly throughout the book, and demonstrates many important concepts. I have
tried to use simple models to provide counterexamples and illustrate computation;
more significant applications are described in Chap. 1, the Bibliographic Remarks
sections, and left as exercises in the Problem sections, I have carried out most of the
calculations in this book on a PC using the spreadsheet Quattro Pro (Borland
International, Scott’s Valley, CA), the matrix language GAUSS (Aptech Systems, Inc.,
Kent, WA), and Bernard Lamond’s package MDPS (Lamond and Drouin, 1992).
Most of the numerical exercises can be solved without elaborate coding.

For use as a text, I have included numerous. problems which contain applications,
numerical examples, computational studies, counterexamples, theoretical exercises,
and extensions. For a one-semester course, I suggest covering Chap. 1; Secs. 2.1 and
2.2; Chap. 3; Chap. 4; Chap. 5; Secs. 6.1, 6.2.1-6.2.4, 6.3.1-6.3.2, 6.4.1-6.4.2,
6.5.1-6.5.2, 6.6.1-6.6.7, and 6.7; Secs. 8.1, 8.2.1, 8.3, 84.1-84.3, 8.5.1-8.5.3, 8.6, and
8.8; and Chap. 11. The remaining material can provide the basis for topics courses,
projects and independent study.

This book has its roots in conversations with Nico van Dijk in the early 1980’s.
During his visit to the University of British Columbia, he used my notes for a course
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on dynamic programming, and suggested that I expand them into a book. Shortly
thercafter, Matt Sobel and Dan Heyman invited me to prepare a chapter on Markov
decision processes for The Handbook on Operations Research: Volume II, Stochastic
Models, which they were editing. This was the catalyst. My first version (180 pages
single spaced) was closer to a book than a handbook article. It served as an outline for
this book, but has undergone considerable revision and enhancement. I have learned
a great deal about this subject since then, and have been encouraged by the breadth
and depth of renewed research in this area. I have tried to incorporate much of this
recent research.

Many individuals have provided valuable input and/or reviews of portions of this
book. Of course, all errors remain my responsibility. I want to thank Hong Chen,
Eugene Feinberg, and Bernard Lamond for their input, comments and corrections. I
especially want to thank Laurence Baxter, Moshe Haviv, Floske Spieksma and Adam
Shwartz for their invaluable comments on several chapters of this book. I am indebted
to Floske for detecting several false theorems and unequal equalities. Adam used the
first 6 chapters while in proof stage as a course text. My presentation benefited great-
ly from his insightful critique of this material. Linn Sennott deserves special thanks
for her numerous reviews of Sects. 6.10 and 8.10, and [ want to thank Pat Kennedy for
reviewing my presentation of her research on Cooper’s hawk mate desertion, and pro-
viding the beautiful slide which appears as Fig. 1.6.1. Bob Foley, Kamal Golabi, Tom
McCormick, Evan Porteus, Maurice Queyranne, Matt Sobel, and Pete Veinott have
also provided useful input. Several generations of UBC graduate students have read
carlier versions of the text. Tim Lauck, Murray Carlson, Peter Roorda, and Kaan
Katiriciougulu have all made significant contributions. Tim Lauck wrote preliminary
drafts of Sects. 1.4, 1.6, and 8.7.3, provided several problems, and pointed out many
inaccuracies and typos. I could not have completed this book without the support of
my research assistant, Noel Paul, who prepared all figures and tables, most of the Bib-
liography, tracked down and copied many of the papers cited in the book, and ob-
tained necessary permissions. [ especially wish to thank the Natural Sciences and En-
gineering Research Council for supporting this project through Operating Grant
A5527, The University of British Columbia Faculty of Commerce for ongoing sup-
port during the book’s development and the Department of Statistics at The Universi-
ty of Newcastle (Australia) where I completed the final version of this book. My sin-
cere thanks also go to Kimi Sugeno of John Wiley and Sons for her editorial
assistance and to Kate Roach of John Wiley and Sons who cheerfully provided advice
and encouragement.

Finally, I wish to express my appreciation to my wife, Dodie Katzenstein, and my
children, Jenny and David, for putting up with my divided attention during this book’s
six year gestation period.

MARTIN L. PUTERMAN
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CHAPTER1

Introduction

Each day people make many decisions; decisions which have both immediate and
long-term consequences. Decisions must not be made in isolation; today’s decision
impacts on tomorrow’s and tomorrow’s on the next day’s. By not accounting for the
relationship between present and future decisions, and present and future outcomes,
we may not achieve good overall performance. For example, in a long race, deciding
to sprint at the beginning may deplete energy reserves quickly and result in a poor
finish.

This book presents and studies a model for sequential decision making under
uncertainty, which takes into account both the outcomes of current decisions and
future decision making opportunities. While this model may appear quite simple, it
encompasses a wide range of applications and has generated a rich mathematical
theory.

1.1 THE SEQUENTIAL DECISION MODEL

We describe the sequential decision making model which we symbolically represent in
Figure 1.1.1. At a specified point in time, a decision maker, agent, or controller
observes the state of a system. Based on this state, the decision maker chooses an
action. The action choice produces two results: the decision maker receives an
immediate reward (or incurs an immediate cost), and the system evolves to a new
state at a subsequent point in time according to a probability distribution determined
by the action choice. At this subsequent point in time, the decision maker faces a
similar problem, but now the system may be in a different statc and therec may be a
different set of actions to choose from.
The key ingredients of this sequential decision model are the following.

1. A set of decision epochs.

2. A set of system states.

3. A set of available actions

4. A sct of state and action dependent immediate rewards or costs.
5. A sect of state and action dependent transition probabilities.
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ACTION ACTION

- PRESENT | - NEXT -

STATE STATE
REWARD REWARD
PRESENT DECISION NEXT DECISION
EPOCH EPOCH

Figure 1.1.1 Symbolic representation of a sequential decision problem.

With the exception of some models which we refer to in the Afterword, we assume
that all of these elements are known to the decision maker at the time of each
decision.

Using this terminology, we describe the probabilistic sequential decision model as
follows. At each decision epoch (or time), the system state provides the decision
maker with all necessary information for choosing an action from the set of available
actions in that state. As a result of choosing an action in a state, two things happen:
the decision maker receives a reward, and the system evolves to a possibly different
state at the next decision epoch. Both the rewards and transition probabilities depend
on the state and the choice of action. As this process evolves through time, the
decision maker receives a sequence of rewards.

At each decision epoch, the decision maker chooses an action in the state occupied
by the system at that time. A policy provides the decision maker with a prescription
for choosing this action in any possible future state. A decision rule specifies the
action to be chosen at a particular time. It may depend on the present state alone or
together with all previous states and actions. A policy is a sequence of decision rules.
Implementing a policy generates a sequence of rewards. The sequential decision
problem is to choose, prior to the first decision epoch, a policy to maximize a function
of this reward sequence. We choose this function to reflect the decision maker’s
intertemporal tradeoffs. Possible choices for these functions include the expected
total discounted reward or the long-run average reward.

This book focuses on a particular sequential decision model which we refer to as a
Markou decision process model. In it, the set of available actions, the rewards, and the
transition probabilities depend only on the current state and action and not on states
occupied and actions chosen in the past. The model is sufficiently broad to allow
modeling most realistic sequential decision-making problems.

We address the following questions in this book.

1. When does an optimal policy exist?
2. When does it have a particular form?
3. How do we determine or compute an optimal policy efficiently?
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We will see that the choice of the optimality criterion and the form of the basic model
clements has significant impact on the answers to these questions.

Often you see these models referred to as dynamic programming models or
dynamic programs. We reserve the expression “dynamic programming’ to describe an
approach for solving sequential decision models based on inductive computation.

In the remainder of this chapter, we illustrate these concepts with significant and
colorful applications from several disciplines. The Bibliographic Remarks section
provides a brief historical review.

1.2 INVENTORY MANAGEMENT

Sequential decision models have been widely applied to inventory control problems
and represent one of the earliest areas of application. The scope of these applications
ranges from determining reorder points for a single product to controlling a complex
multiproduct multicenter supply network. Some of the earliest and most noteworthy
results in stochastic operations research concern the form of the optimal policy under
various assumptions about the economic parameters. We describe an application of a
model of this type.

Through local dealerships, Canadian Tire, Inc. operates a chain of automotive
supply stores throughout Canada. The 21 stores in the Pacific region are operated by
a single management group. Backup inventory for these 21 stores is maintained at a
central warchouse in Burnaby, British Columbia. It stocks roughiy 29,000 products.
Periodically, inventory is delivered from the central warehouse to each of its stores to
maintain target stock levels.

The timing of inventory replenishment varies with store size. At stores designated
as “small,” the inventory position of each product is reviewed once a week. For each
product the inventory position (stock on hand) at the time of review determines the
quantity, if any, to order. Orders arrive in about three days. Associated with an order
for a particular product is a fixed charge associated with the time spent locating the
item in the warchouse and shelving the item at the store. In addition to the fixed
charge for filling the order, there is a daily carrying charge for keeping an item in
inventory at a store. Management policy also dictates that at least 97.5% of demand
be satisfied from stock on hand.

We now describe a sequential decision model for determining optimal reorder
points and reorder levels for a single product at a single store. Decision epochs are
the weekly review periods, and the system state is the product inventory at the store
at the time of review. In a given state, actions correspond to the amount of stock to
order from the warehouse for delivery at the store. Transition probabilities depend on
the quantity ordered and the random customer demand for the product throughout
the week. A decision rule specifies the quantity to be ordered as a function of the
stock on hand at the time of review, and a policy consists of a sequence of such
restocking functions. Management seeks a reordering policy which minimizes long-run
average ordering and inventory carrying costs subject to the above constraint on the
probability of being unable to satisfy customer demand.

Desirable properties for optimal policics in this setting are that they be simple to
implement and not vary with time. Without the constraint on the probability of
satisfying customer demand, the optimal policy may be shown to be of the following
type: when the stock level falls below a certain threshold, order up to a target level;
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otherwise do not order. With the inclusion of such a constraint, a policy of this form
may not be optimal.

The importance of effective inventory control to effective cost management cannot
be overemphasized. Sir Graham Day, chairman of Britain’s Cadbury-Schweppes PLC
notes (The Globe and Mail, October 20, 1992, p. C24):

“I believe that the easiest money any business having any inventory can save lies
with the minimization of that inventory.”

The roots of sequential decision making lie in this discipline. The book by Arrow,
Karlin, and Scarf (1958) provides a good overview of the foundations of mathematical
inventory theory; Porteus (1991) provides a recent review,

1.3 BUS ENGINE REPLACEMENT

Markov decision process models have been applied to a wide range of equipment
maintenance and replacement problems. In these settings, a decision maker periodi-
cally inspects the condition of the equipment, and based on its age or condition
decides on the extent of maintenance, if any, to carry out. Choices may vary from
routine maintenance to replacement. Costs are associated with maintenance and
operating the equipment in its current status. The objective is to balance these two
cost components to minimize a measure of long-term operating costs.

Howard (1960) provided a prototype for such models with his “automobile replace-
ment problem.” In it, an individual periodically decides whether or not to trade in an
automobile and, if so, with what age automobile to replace it. Subsequently, many
variants of this model have been studied and analyzed. In this section and the next,
we describe two applications of such models.

Rust (1987) formulates and analyzes the following problem. Harold Zurcher,
superintendent of maintenance at the Madison (Wisconsin) Metropolitan Bus Com-
pany, has the responsibility of keeping a fleet of buses in good working condition. One
aspect of the job is deciding when to replace the bus engines.

Zurcher’s replacement problem may be formulated as a Markov decision process
model as follows, Replacement decisions are made monthly and the system state
represents the accumulated engine mileage since the last replacement. Costs include
an age-dependent monthly operating cost and a replacement cost. The monthly
operating costs include a routine operating and maintenance cost component and an
unexpected failure cost component. The failure cost accounts for the probability of
breakdown for a bus of a given age and costs associated with towing, repair, and lost
goodwill, If Zurcher decides to replace an engine, then the company incures a (farge)
replacement cost and, subsequently, the routine maintenance and operating cost
associated with the replacement engine. Transition probabilities describe changes in
accumulated mileage and the chance of an unplanned failure for a bus engine of a
particular age. For each engine, Zurcher seeks an age-dependent replacement policy
to minimize expected total discounted or long-run average costs.

The algorithms in Chaps. 4, 6, or 9 can be used to compute such an optimal policy
for Harold Zurcher. However, the theory shows that, under reasonable assumptions,
an optimal policy has a particularly simple and appealing form; at the first monthly
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inspection at which the mileage exceeds a certain level, referred to as a control limit,
the engine must be replaced; otherwise it is not. Rust examines whether Zurcher
adopts such a policy using data from the Madison Metropolitan Bus Company.

Operating, maintenance, and replacement costs vary with engine type. The table
below summarizes Zurcher’s data on replacement costs and average mileage at
replacement for two main engine types.

Average
Engine Type Replacement Cost Mileage at Replacement
1979 GMC T8H203 $9499 199,733
1975 GMC 5308A $7513 257,336

This data shows that, although the replacement cost for a 1979 engine exceeded that
of a 1975 engine by $2000, Zurcher decided 1o replace the 1979 engines 57,600 miles
and 14 months earlier than the 1975 engines. This suggests that routine maintenance
and operating costs differ for these two engine types and that they increase faster with
mileage in the 1979 engines. Rust’s analysis of the data suggests that these costs may
be modeled by linear or “square-root” functions of age.

Further data suggests that Zurcher’s decisions departed from a simple control limit
policy. Between 1974 and 1985, 27 T8H203 engines and 33 5308A engines were
replaced. The mileage at replacement varied from 124,800 to 273,400 for the T8H203
engine and between 121,200 and 387,300 for the 5308A engine. Thus we might infer
that Zurcher is making his decisions suboptimally. Rust adopts a different viewpoint.
He hypothesizes that Zurcher’s decisions coincide with an gptimal policy of a Markov
decision process model; however, Zurcher takes into account many measurements
and intangibles that are not known by the problem solver. In his extensive paper, Rust
(1987) provides an approach for accounting for these factors, estimating model
parameters, and testing this hypothesis. He concludes that, after taking these unob-
servables into account, Zurcher’s behavior is consistent with minimizing long-run
average operating cost.

1.4 HIGHWAY PAVEMENT MAINTENANCE

The Arizona Department of Transportation (ADOT) manages a 7,400 mile road
network. Up to the mid 1970s its primary activity was construction of new roadways.
As the Arizona roadway system neared completion, and because of changing federal
guidelines, ADOT’s emphasis shifted in the late 1970’s to maintaining existing roads.
Between 1975 and 1979, highway preservation expenditures doubled from $25 mitlion
to $52 million, and cvidence suggested that such an increase would continue. By this
time it was evident to ADOT management that a systematic centralized procedure for
allocation of these funds was needed. In 1978, in conjunction with Woodward-Clyde
Consultants of San Francisco, ADOT developed a pavement management system
based on a Markov decision process model to improve allocation of its limited
resources while ensuring that the quality of its roadways was preserved. In 1980, the
first year of implementation, this system saved $14 million, nearly a third of Arizona’s
maintenance budget, with no decline in road quality. Cost savings over the next four
years were predicted to be $101 million. Subsequently, this model was modified for
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use in Kansas, Finland, and Saudi Arabia. Related models have been developed for
bridge and pipeline management. In this section, we describe the Arizona pavement
management model, We base our presentation on Golabi, Kulkarni, and Way (1982),
and additional information provided by Golabi in a personal communication.

The pavement management system relies on a dynamic long-term model to identify
maintenance policies which minimize long-run average costs subject to constraints on
road quality. To apply the model, the Arizona highway network was divided into 7,400
one-mile sections and nine subnetworks on the basis of road type, traffic density, and
regional environment. For each category, a dynamic model was developed that
specified the conditions of road segments, maintenance actions that could be used
under each condition, and the expected yearly deterioration or improvement in
pavement conditions resulting from each such action. In addition, costs associated
with each maintenance action were determined. Developing categories for system
states, actions, costs, and the state-to-state dynamics under different actions was a
nontrivial task requiring data, models of road conditions, statistical analysis, and
subject matter expertise.

We describe the management model for asphalt concrete highways; that for
Portland cement concrete roadways had different states and actions. Decisions were
made annually. The system state characterized the pavement condition of a one-mile
segment by its roughness (three levels), its percentage of cracking (three levels), the
change in cracking from the previous year (three levels), and an index which
measured the time since the last maintenance operation and the nature of the
operation (five levels). Consequently, a road segment could be described by one of 135
(3 X 3 X 3 x 5) possible states, but, since some combinations were not possible, 120
states were used.

Actions corresponded to available pavement rehabilitation activities. These ranged
from relatively inexpensive routine maintenance to costly actions such as thick
resurfacing or recycling of the entire roadway. A list of possible actions and associated
construction costs appear in Table 1.4.1 below. For each state, however, only about six
of the actions were considered feasible.

Costs consisted of the action-dependent construction costs (Table 1.4.1) and
annual routine maintenance costs (Table 1.4.2). Annual routine maintenance costs
varied with the road condition and rehabilitation action. When only routine mainte-
nance was carried out, these costs varied with the roughness and degree of cracking of
the road segment; when a seal coat was applied, these costs varied only with
roughness; and if any other rehabilitation action was taken, maintenance costs were
independent of previous road condition. These costs were determined through a
regression model based on existing data.

Transition probabilities specify the likelihood of yearly changes in road condition
under the various maintenance actions. These were estimated using existing data,
under the assumption that each dimension of the state description varied indepen-
dently. Since in each state only a limited number of subsequent states could occur,
most of the transition probabilities (97%) were zero.

The performance criteria was cost minimization subject to constraints on the
proportion of roads in acceptable and unacceptable states. For example, ADOT
policy requires that at least 80% of high traffic roadways must have a roughness level
not exceeding 165 inches/mile, while at most 5% of these roads could have roughness
exceeding 256 inches/mile. Similar constraints applied to levels of cracking.
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Table 1.4.1 Rehabilitation Actions and Construction Costs

Construction Cost

Action Index Action Description® $/yd?
1 Routine Maintenance 0
2 Seal Coat 0.55
3 ACFC 0.75
4 ACFC + AR 2.05
5 ACFC + HS 1.75
6 1.5 inch AC 1.575
7 1.5inch AC + AR 2.875
8 1.5 inch AC + HS 2.575
9 2.5inch AC 2.625
10 2.5inch AC + AR 3.925
11 2.5inch AC + HS 3.625
12 3.5 inch AC 3.675
13 3.5inch AC + AR 4975
14 3.5inch AC + HS 4.675
15 4.5 inch AC 4.725
16 5.5 inch AC 5.775
17 Recycling (equivalent to 6 inch AC) 6.3

“Abbreviations used in table: ACFC-Asphalt concrete fine coat, AR-Asphalt Rubber,
HS-Heater Scarifier, AC-Asphalt concrete

Table 1.4.2 Annual Routine Maintenance Costs

State After Rehabilitation Action Rehabilitation Cost
Roughness (in/mile) Percentage of Cracking Action*® $ /yd?
120 (+45) 5(+5) RM 0.066
120 (£ 45) 20 (£10) RM 0.158
120 (£45) 45(%15) RM 0.310
120 (£45) Any SC 0.036
210 (£ 45) 5(x5) RM 0.087
210 (+45) 20(£10) RM 0.179
210 (1 45) 45(+19) RM 0.332
210 (£ 45) Any SC 0.057
300 (+45) 5(£9) RM 0.102
300 (+45) 20(£10) RM 0.193
300 (+45) 45(£15) RM 0.346
300 (£ 45) Any SC 0.071

Any Any oT 0.036

“Action Abbreviations; RM-routine maintenance, SC-seal coat, OT-any other
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This model is an example of a constrained average reward Markov decision process
model and can be solved using the linear programming methodology in Chaps. 8 and
9. This model was designed not only to yield a single solution but also to interactively
examine the consequences of regulatory policies and budget changes. Examples of
solutions are too lengthy to be presented here, but one aspect of the solution is worth
noting. Because of the addition of constraints, the optimal policy may be randomized.
This means that in some states, it may be optimal to use a chance mechanism to
determine the course of action. For example, if the road segment is cracked, 40% of
the time it should be resurfaced with one inch of asphalt concrete (AC) and 60% of
the time with two inches of AC. This caused no difficulty because the model was
applied to individual one-mile road segments so that this randomized policy could be
implemented by repairing 40% of them with one inch of AC and 60% with two inches
of AC. Also, in a few instances, the model recommended applying a different
maintenance action to a road segment than to its two adjacent segments. In such
cases the solution was modified to simplify implementation yet maintain the same
level of overall cost and satisfy road quality constraints.

In addition to producing significant cost reductions, the model showed that

“...corrective actions in the past were too conservative; it was common to
resurface a road with five inches of asphalt concrete.... The policies recom-
mended by the pavement management system. .. are less conservative; for exam-
ple, a recommendation of three inches of overlay is rather rare and is reserved for
the worst conditions. (Golabi, Kulkarni, and Way, 1982, p. 16).”

Observations such as this are consistent with the findings of many operations research
studies. For example, preliminary results in the inventory control study described in
Sect. 1.2 suggest that current in store inventory levels are 50% too high.

1.5 COMMUNICATIONS MODELS

A wide range of computer, manufacturing, and communications systems can be
modeled by networks of interrclated queues (waiting lines) and servers. Efficient
operation of these systems leads to a wide range of dynamic optimization problems.
Control actions for these systems include rejecting arrivals, choosing routings, and
varying service rates. These decisions are made frequently and must take into account
the likelihood of future events to avoid congestion. ,

These models are widely applied and have had significant impact as noted by the
following article in The New York Times, May 12, 1992, p. C2.

“More Dial Mom Than Expected”
Even greater numbers of people called their mothers on Mother’s Day than AT&T

had expected.

... A call-routing computer technique enabled the American Telephone and
Telegraph Company to complete more calls than last year, when it togged 93.4
million calls.



