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Preface

Microphone arrays and associated array processing techniques have been developed
for a wide range of applications over the past few decades. These applications
include speech communication, music recording, room acoustics analysis, noise
control and acoustic holography, defense and security, entertainment, and many
more. In the cases of speech in rooms and music in concert halls, the sound tends to
travel throughout the entire enclosed space, producing a three-dimensional sound
field. Microphone arrays that effectively measure and process three-dimensional
sound fields typically require the positioning of microphones within a volume in
three-dimensional space. Planar arrays, mounted on an enclosure wall, have been
studied for several decades, while more recently, spherical arrays, in which
microphones are mounted around a rigid sphere, for example, have been developed.
These offer several advantages over classical linear, rectangular, or circular arrays:

(i) The sphere, having complete rotational symmetry, facilitates spatial filtering,
or beamforming, that can be designed to effectively enhance or attenuate
sources in any direction.

(ii) Array processing and performance analysis can be formulated in the spher-
ical harmonics domain, which is the Fourier domain for the sphere. This
domain facilitates efficient algorithms and extensive acoustic modeling of
both the array and the surrounding sound field.

(iii) Beamforming can be efficiently implemented by decoupling beam pattern
design from beam pattern steering, therefore providing simplicity and flex-
ibility in array realization.

These advantages have motivated an increasing number of researchers in recent
years to develop spherical microphone array systems, to study spherical array
configurations, to develop algorithms for spherical arrays, and to apply these arrays
in a wide range of applications. This growing activity has provided the author with
the motivation and inspiration to write this book, with the aim of presenting the
fundamentals of spherical array processing in a tutorial manner suitable for
researchers, graduate students, and engineers interested in this topic.
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The first two chapters provide the reader with the necessary mathematical and
physical background, including an introduction to the spherical Fourier transform
and to the formulation of plane-wave sound fields in the spherical harmonics
domain. The third chapter covers the theory of spatial sampling, which becomes
useful when selecting the positions of microphones to sample sound pressure
functions in space. The next chapter presents various spherical array configurations,
including the popular configuration based on a rigid sphere. The fifth chapter
introduces the concept of beamforming and its basic equations, including popular
design methods such as delay-and-sum and regular beamforming. The following
chapter presents methods for the optimal design of beam patterns, formulated to
achieve various objectives, such as maximum robustness, maximum directivity, or
minimum side-lobe level. The final chapter develops more advanced array
processing algorithms, such as the minimum variance distortionless response
(MVDR) algorithm. These algorithms aim to enhance a desired signal while
attenuating undesired noise components in the sound field by exploring their unique
formulation in the spherical harmonics domain.

My own interest in spherical array processing began during a six-month visit to
the sensory communication group at MIT in 2002, working with Julie Greenberg
and greatly enjoying the stimulating vibe of Boston. I would like to thank Julie for
providing this opportunity, for the hospitality, and for the helpful discussions.
During my visit to Boston I was exposed to the inspiring publications on spherical
arrays by Jens Meyer and Gary Elko. Their pioneering work planted the seeds that
later flourished to an extensive research effort at my lab, the acoustics laboratory,
Ben-Gurion University of the Negev. The research at the acoustics laboratory was
pursued by an invaluable cooperation with a great number of research students,
postdoctoral researchers, and visitors. The relaxed atmosphere at the lab, the great
teamwork, and the endless discussions were the fuel that kept the writing of this
book viable. I would like to express great thanks to the acoustics laboratory
researchers: Dr. Jonathan Sheaffer, Dr. Jonathan Rathsam, Dr. Noam Shabtai,
Dr. Dror Lederman, Dr. Yotam Peled, Dr. Etan Fisher, Vladimir Tournabin, Hai
Morgenstern, David Alon, Koby Alhaiany, Mickey Jeffet, Elad Cohen, Dima Lvov,
Or Nadiri, Shahar Villeval, Tal Szpruch, Nejem Hulihel, Ilan Ben-Hagai, Tomer
Peleg, Amir Avni, Morag Agmon, Maor Klieder, Dima Haykin, Itai Peer, and Ilya
Balmages. Also, special thanks to Dr. Franz Zotter for the helpful comments on a
draft version of the manuscript made during a visit to the lab. Thanks also to Debbie
Kedar for the prompt and professional editing and proofreading of this book.
Finally, thanks to my family, Vered, Asaf, Yonathan, and Tal, for providing love
therapy that time and again pulled me out of the writing stumbles and falls.

Beer-Sheva, December 2014 Boaz Rafaely
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Chapter 1
Mathematical Background

Abstract This chapter provides the mathematical background necessary for
studying spherical array processing. Spherical arrays typically sample functions on a
sphere (e.g. sound pressure); therefore, this chapter begins by presenting the spherical
coordinate system as well as some examples of functions on the sphere. Spherical
harmonics are a central theme of this book as they form a basis for representing
functions on the sphere. Therefore, spherical harmonics are first defined and illus-
trated, and then an introduction to the spherical Fourier transform and a description
of functions on the sphere in Hilbert space follows. The chapter concludes with a pre-
sentation of the topics of rotation, convolution, and correlation defined for functions
on the sphere.

1.1 Functions on the Sphere

Consider the standard Cartesian coordinate system with coordinates

x ≡ (x, y, z) ∈ R
3, (1.1)

whereR3 is the three-dimensional space of real numbers and x represents a vector in
geometric notation. A spherical surface of unit radius, denoted by S2, can be defined
in the Cartesian coordinate system as

S2 = {x ∈ R
3 : ‖x‖ = 1}, (1.2)

which represents all positions having unit distance from the origin, with ‖·‖ denoting
the Euclidean norm. Positions on S2 can be denoted by elevation and azimuth angles,
θ and φ, which define the spherical coordinates, together with the radial distance (or
radius), r:

r ≡ (r, θ, φ). (1.3)

The erratum of this chapter can be found under DOI 10.1007/978-3-662-45664-4_8
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2 1 Mathematical Background
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Fig. 1.1 Spherical coordinate system defined relative to the Cartesian coordinate system

Fig. 1.2 Plot of function f (θ, φ) = sin2 θ cos(2φ) over the surface of a unit sphere

The azimuth angle φ is measured from the x-axis towards the y-axis, while the
elevation angle θ is measured downwards from the z-axis, as illustrated in Fig. 1.1.

A position r = (r, θ, φ) represented in spherical coordinates can be related to the
same position represented in Cartesian coordinates x = (x, y, z) using

x = r sin θ cosφ

y = r sin θ sin φ

z = r cos θ. (1.4)

Spherical functions, or functions defined over the unit sphere, are central to this book.
An example of a function over the sphere is



1.1 Functions on the Sphere 3

f (θ, φ) = sin2 θ cos(2φ). (1.5)

The function can be presented graphically in various ways: as a color map on the
surface of a unit sphere, as in Fig. 1.2, as a color contour map on a θφ plane map-
ping the surface of a unit sphere, as in Fig. 1.3, and with magnitude denoted by the
distance from the origin (balloon plot), as in Fig. 1.4. In the latter plot, cyan (green-
blue) shades represent positive values, while magenta (purple-red) shades represent
negative values. All three figures show one maximum and two zeros over θ , due to
the sin2 θ term in the range θ ∈ [0, π ], and two maxima, two minima and four zeros
over φ, due to the cos(2φ) term in the range φ ∈ [0, 2π ].

In this book more than one single notation is used to represent functions on the
unit sphere. A common notation uses the angles of the spherical coordinate system
directly, i.e.

f (θ, φ), (θ, φ) ∈ S2. (1.6)

Sometimes a more compact notation is desired, in which case the two angles will be
denoted by a single parameter, e.g. μ ≡ μ(θ, φ), using the function representation

f (μ), μ ≡ μ(θ, φ) ∈ S2. (1.7)
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Fig. 1.3 Plot of function f (θ, φ) = sin2 θ cos(2φ) over the θφ plane
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Fig. 1.4 Balloon plot of function f (θ, φ) = sin2 θ cos(2φ), with the distance from the origin
defined by |f (θ, φ)|, and with cyan (green-blue) shades representing positive values of f , and
magenta (purple-red) shades representing negative values of f

Finally, it may be desired to represent the sphere surface in Cartesian coordinates,
in which case the following notation is used:

f (x), x = (sin θ cosφ, sin θ sin φ, cos θ) ∈ S2. (1.8)

1.2 Spherical Harmonics

In the sections that follow, functions on the unit sphere are presented as a weighted
sum of a set of basis functions, also forming the Fourier basis for functions on the
sphere. These basis functions are the spherical harmonics, defined as follows [56]:

Ym
n (θ, φ) ≡

√
2n + 1

4π

(n − m)!
(n + m)!Pm

n (cos θ)eimφ, (1.9)

where (·)! represents the factorial function, Pm
n (·) are the associated Legendre func-

tions, m ∈ Z is an integer denoting the function degree and n ∈ N is a natural number
denoting the function order.

Table1.1 presents expressions for the spherical harmonics of orders zero to four
[54]. Note that the spherical harmonics have a complex exponential dependence on
φ, so that the absolute value, |Ym

n (θ, φ)|, will be constant along φ. Therefore, plots of
the real and imaginary parts of the spherical harmonics are typically presented, rather
than plots of the magnitude and phase. The order n determines the highest power of
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Table 1.1 Spherical
harmonics Ym

n (θ, φ) for
orders n = 0, . . . , 4

n = 0 Y0
0 (θ, φ) =

√
1
4π

n = 1 Y−1
1 (θ, φ) =

√
3
8π sin θe−iφ

Y0
1 (θ, φ) =

√
3
4π cos θ

Y1
1 (θ, φ) = −

√
3
8π sin θeiφ

n = 2 Y−2
2 (θ, φ) =

√
15
32π sin2 θe−2iφ

Y−1
2 (θ, φ) =

√
15
8π sin θ cos θe−iφ

Y0
2 (θ, φ) =

√
5

16π (3 cos2 θ − 1)

Y1
2 (θ, φ) = −

√
15
8π sin θ cos θeiφ

Y2
2 (θ, φ) =

√
15
32π sin2 θe2iφ

n = 3 Y−3
3 (θ, φ) =

√
35
64π sin3 θe−3iφ

Y−2
3 (θ, φ) =

√
105
32π cos θ sin2 θe−2iφ

Y−1
3 (θ, φ) =

√
21
64π (5 cos2 θ − 1) sin θe−iφ

Y0
3 (θ, φ) =

√
7

16π (5 cos3 θ − 3 cos θ)

Y1
3 (θ, φ) = −

√
21
64π (5 cos2 θ − 1) sin θeiφ

Y2
3 (θ, φ) =

√
105
32π cos θ sin2 θe2iφ

Y3
3 (θ, φ) = −

√
35
64π sin3 θe3iφ

n = 4 Y−4
4 (θ, φ) =

√
315
512π sin4 θe−4iφ

Y−3
4 (θ, φ) =

√
315
64π cos θ sin3 θe−3iφ

Y−2
4 (θ, φ) =

√
45

128π (7 cos2 θ − 1) sin2 θe−2iφ

Y−1
4 (θ, φ) =

√
45
64π (7 cos3 θ − 3 cos θ) sin θe−iφ

Y0
4 (θ, φ) =

√
9

256π (35 cos4 θ − 30 cos2 θ + 3)

Y1
4 (θ, φ) = −

√
45
64π (7 cos3 θ − 3 cos θ) sin θeiφ

Y2
4 (θ, φ) =

√
45

128π (7 cos2 θ − 1) sin2 θe2iφ

Y3
4 (θ, φ) = −

√
315
64π cos θ sin3 θe3iφ

Y4
4 (θ, φ) =

√
315
512π sin4 θe4iφ
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Fig. 1.5 Balloon plot of the spherical harmonics for n = 0 (top row) to n = 4 (bottom row), with
Y0

n (θ, φ), which is a real function, presented in the central column. Im{Ym
n (θ, φ)} for−n ≤ m ≤ −1

are presented in the left-hand side columns, and Re{Ym
n (θ, φ)} for 1 ≤ m ≤ n are presented in the

right-hand side columns. The view direction is indicated by the orientation of the axes presented
at the top of the figure. Colors indicate the sign of the spherical harmonic functions, with cyan
(green-blue) shades representing positive values, and magenta (purple-red) shades representing
negative values

the cos θ and sin θ terms controlling the dependence of the spherical harmonics over
θ , while m determines the dependence over φ through the exponential term eimφ .

Figure1.5 presents balloon plots of the real and imaginary parts of the spher-
ical harmonics, Re{Ym

n (θ, φ)} and Im{Ym
n (θ, φ)}, with a view angle of (θ, φ) =

(60◦,−127.5◦). The rows in the figure present plots for n = 0 (top row) to n = 4
(bottom row), while the columns present plots for m = −n (leftmost column) to
m = n (rightmost column). Im{Ym

n (θ, φ)} is presented for m < 0, Re{Ym
n (θ, φ)} is

presented for m > 0, and Y 0
n (θ, φ), which is real, is presented in the central col-

umn. Table1.2 explicitly illustrates the functions presented in Fig. 1.5, for clarity.
Figure1.5 shows that Y 0

0 is constant over the sphere, similar to a monopole function.
The real and imaginary parts of the spherical harmonics of order n = 1 have dipole-
like shapes, while higher orders have more complex forms, with the number of lobes
increasing with n and m.

With the aim of visualizing the spherical harmonics more clearly, Fig. 1.6 presents
the spherical harmonics in a similar manner to Fig. 1.5 but as viewed from the z-axis,
i.e. downwards from above. In this case, the behavior of the real and imaginary parts
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Table 1.2 Illustration of the functions presented in Fig. 1.5

Y0
0

Im
{

Y−1
1

}
Y0
1 Re

{
Y1
1

}
Im

{
Y−2
2

}
Im

{
Y−1
2

}
Y0
2 Re

{
Y1
2

}
Re

{
Y2
2

}
Im

{
Y−3
3

}
Im

{
Y−2
3

}
Im

{
Y−1
3

}
Y0
3 Re

{
Y1
3

}
Re

{
Y2
3

}
Re

{
Y3
3

}
Im

{
Y−4
4

}
Im

{
Y−3
4

}
Im

{
Y−2
4

}
Im

{
Y−1
4

}
Y0
4 Re

{
Y1
4

}
Re

{
Y2
4

}
Re

{
Y3
4

}
Re

{
Y4
4

}

of the spherical harmonics over the azimuth angleφ is illustrated clearly.All spherical
harmonics at m = 0 are constant over φ, while exhibiting cos(mφ) behavior for the
real parts, and sin(mφ) behavior for the imaginary parts. The plots on the left side
(imaginary part, m < 0) are therefore rotated versions of the plots on the right side
(real part, m > 0), by 90◦/m.

Figures1.7 and 1.8 follow the same approach as Fig. 1.6, but with x-axis and
y-axis viewpoints, respectively, showing the dependence on θ more clearly. Spherical
harmonics Y 0

n have a high value around θ = 0 and θ = π due to the cosn θ terms. The
behavior of the other spherical harmonics is more complex. For example, spherical
harmonics Yn

n and Y−n
n have a sinn θ dependence, producing “flat” looking functions

from the viewpoints shown in Figs. 1.7 and 1.8.
Some of the properties of the spherical harmonics are presented next, starting with

basic properties and progressing to properties involving integration and summation.

• Complex conjugate. The spherical harmonics are complex functions due to the com-
plex exponential term, eimφ , while the associated Legendre functions, Pm

n (cos θ),
are all real. The complex conjugate of the spherical harmonics take the form

[
Ym

n (θ, φ)
]∗ = (−1)mY−m

n (θ, φ), (1.10)

which is derived from the expression of the associated Legendre function for
negative values of m [see Eq. (1.31)]. The complex conjugate property also defines
the relation between Ym

n (θ, φ) and Y−m
n (θ, φ), which are spherical harmonics of

the same order and opposite degrees.
• Limit on degree value, m. By definition, spherical harmonics with a degree that is
higher than the order are zero, i.e.

Ym
n (θ, φ) = 0 ∀ |m| > n. (1.11)

• Zeros of the spherical harmonics. The spherical harmonics contain sin|m| θ terms,
defining the zeros of the function for m 	= 0, i.e.

Ym
n (0, φ) = Ym

n (π, φ) = 0 ∀ m 	= 0. (1.12)
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Fig. 1.6 Same as Fig. 1.5, but viewed from the z-axis (top view)

Fig. 1.7 Same as Fig. 1.5, but viewed from the x-axis (front view)
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Fig. 1.8 Same as Fig. 1.5, but viewed from the y-axis (side view)

• Spherical harmonics at m = 0. Atm = 0, the associated Legendre function degen-
erates to the Legendre polynomials (see Sect. 1.3) and so the spherical harmonics
have a simplified expression:

Y 0
n (θ, φ) =

√
2n + 1

4π
Pn(cos θ). (1.13)

These spherical harmonics are not dependent onφ and are therefore axis-symmetric
relative to the z-axis. This is clearly illustrated in Figs. 1.7 and 1.8, by the spherical
harmonic functions on the central columns.

• Spherical harmonics at m = n and m = −n. At these extreme values of m, the
spherical harmonics have a sine dependence on θ and a simplified form:

Y−n
n (θ, φ) = 1

2n+1n!
√

(2n + 1)!
π

sinn θe−inφ

Yn
n (θ, φ) = (−1)n

2n+1n!
√

(2n + 1)!
π

sinn θeinφ. (1.14)

• Mirror symmetry along θ with respect to the equator, θ = π/2. The spherical
harmonics have a mirror symmetry in θ , such that the function on the upper
hemisphere is equal to the function on the lower hemisphere, up to a sign factor:
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Ym
n (π − θ, φ) = (−1)n+mYm

n (θ, φ). (1.15)

This symmetry is clearly illustrated in Figs. 1.7 and 1.8 by the real and imaginary
parts of the spherical harmonics, in which the sign is indicated by color. For even
n + m the functions are symmetric about the equator, whereas for odd n + m the
functions are antisymmetric about the equator.

• Symmetry with respect to φ. The spherical harmonics have mirror symmetry with
respect to φ due to the exponential function, such that

Ym
n (θ, φ + π) = (−1)mYm

n (θ, φ). (1.16)

This property is illustrated in Fig. 1.6, where spherical harmonic functions for even
values of m are equal at opposite sides of the circle defined by φ, while for odd
values of m the functions have the opposite sign (different color) at a phase shift
of 180◦ along φ.
Another symmetry along φ is defined relative to the x-axis, again due to the
behavior of the exponential function:

Y m
n (θ,−φ) = [

Ym
n (θ, φ)

]∗
. (1.17)

Figure1.6 illustrates that the real part of the spherical harmonics, plotted on the
right-hand side columns, is symmetric about the x-axis, while the imaginary part
is antisymmetric.

• Opposite direction. Combining the last two properties, Eqs. (1.15) and (1.16), the
spherical harmonics at (π − θ, φ + π), which is the opposite direction to (θ, φ),
can be written as

Ym
n (π − θ, φ + π) = (−1)nYm

n (θ, φ). (1.18)

• Periodicity with respect to φ. The spherical harmonics are periodic with respect to
φ with a period of 2π/m, due to the exponential term eimφ , and therefore satisfy

Ym
n (θ, φ + 2π/m) = Ym

n (θ, φ). (1.19)

The periodicity is illustrated in Fig. 1.6, where, for example, the spherical
harmonics on the central column with m = 0 are constant along φ, spherical
harmonics corresponding to m = ±1 have a period of 2π , those corresponding to
m = ±2 have a period of π , and so on.

The next set of properties is related to the integration of the spherical harmonic
functions over the unit sphere. In general, integration over a sphere of radius r can
be calculated by dividing the sphere area into elements, as illustrated in Fig. 1.9. The
length along φ of each element on the sphere surface is given by r sin θdφ, denoting
the fact that the elements are narrower in the azimuth dimension nearer the poles. The
width along θ of each element is given by rdθ . The area element is therefore defined as

r2dΩ = r2 sin θdθdφ, (1.20)


