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Preface

The title of this book, Analysis, Synthesis, and Perception of Musical Sounds, has
been the subject of many conference sessions (for example, at the 127th Meeting
of the Acoustical Society of America at Cambridge, Massachusetts in May, 1994,
which originally inspired this book) and journal papers, but there has been little
to date which combines these subjects into a single volume. Traditionally, dating
back to Helmholtz (1877), the subject of analysis of musical sounds consisted
solely of harmonic analysis of sustained-tone instruments. However, many other
applications have been developed during the last several decades, and the topics
of analysis, synthesis, and perception (AS&P) are very representative of these
applications.
It almost goes without saying that the principal tool that has facilitated AS&P
is the digital computer, and all of the projects described in this book have used
this indispensible tool. Another common thread is that all of these projects have
used a form of time-varying spectral analysis [usually implemented using a form
of the short-time Fourier transform (STFT)], which models signals as sums of sine
waves (sinusoids).
Indisputably, the first time-varying spectral analysis and synthesis of musical sounds by a digital computer was accomplished in Melville Clark Jr.’s lab
at MIT (Luce, 1963, 1975; Luce and Clark, 1967; Strong and Clark, 1967a,
1967b). Projects by Beauchamp and Fornango (1966), Freedman (1967, 1968), and
Beauchamp (1969, 1974, 1975) at the University of Illinois at Urbana-Champaign,
Risset and Mathews (1969) at Bell Telephone Laboratories, and Keeler (1972) at
the University of Waterloo soon followed. Some of these projects were described
in the book Music by Computers (von Forester and Beauchamp, eds., 1969). Strong
and Clark’s project (1967a, 1967b) was the first to incorporate listening tests in publications on musical sound synthesis derived from spectral analysis. Luce, Strong,
and Clark were also first to emphasize the importance of musical instrument spectral envelopes, which are smoothed versions of sound spectra. Later, John Grey,
James A. Moorer, and John Gordon at Stanford University completed a much more
extensive series of perceptual studies based on spectral analysis/synthesis in the
mid-1970s (Grey, 1975, 1977; Grey and Moorer, 1977; Grey and Gordon, 1978),
including the use of the multidimensional scaling (MDS) method to determine a
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“space” of musical timbres. These were preceded by similar timbre space studies
by Wedin and Goude (1972), Wessel (1973), and Miller and Carterette (1975),
which also used the MDS method but only employed original acoustic sounds or
artificial sounds not obtained by analysis/synthesis.
The phase vocoder, a method of time-varying analysis/synthesis similar to that
used by the early music researchers, was first employed for speech applications
by Flanagan and Golden (1966) and Portnoff (1976) and later extended for music
by Moorer (1978) and Dolson (1986). Again for speech, McAulay and Quatieri
(1986) introduced the spectral frequency tracking (SFT) method, and a similar
method (called PARSHL) was developed for music applications by Smith and
Serra (1987). This method (now called SMS) was extended by Serra and Smith
(1990) with the additional feature of extracting a time-varying noise residual from
the sound signal. Separate control of the noise residual offered advantages such
as reduction of artifacts when time-scaling is employed. A freely downloadable
source-code package (called SNDAN) which combines a tunable phase vocoder
and the SFT method was described by Beauchamp (1993). Since then, many new
music analysis/synthesis methods have been developed. A comparison of current
methods was given in Wright et al. (2001).
Other aspects of the history of analysis/synthesis are discussed in the chapter
by Levine and Smith (Chapter 4).
This book consists of eight chapters. In the first chapter James Beauchamp discusses basic methods of time-varying spectral analysis and synthesis and gives examples of the analysis of various musical instruments. The two analysis/synthesis
methods presented are the Harmonic Filter Bank (HFB, aka phase vocoder) and
the Spectral Frequency-Tracking (SFT) methods. The HFB method, where the frequencies of analysis can be aligned with frequencies of a harmonic sound, works
best for sounds that are quasiperiodic, i.e., they have nearly constant pitch (i.e.,
fundamental frequency). The SFT method works best for sounds with variable
pitch. Both methods can be used for sounds with inharmonic partials, although the
HFB has the advantage of avoiding problems of excessive amplitude thresholding
and partial frequency mistracking. This chapter also defines several “higher-level”
measures of spectra, which may be useful for classifying instruments. These are
the spectral centroid (associated with “perceptual brightness”), spectral irregularity, inharmonicity, decay rate, spectrotemporal incoherence, and inverse spectral
density, and examples for different instruments are given. Beauchamp concludes
by showing how the SFT method can be used to track the fundamental frequency
as well as to separate the harmonics of a signal with substantial time-varying pitch.
While the traditional Fourier transform yields frequencies that are uniformly
spaced, it is possible to define a variation on this transform, called the constantQ transform, which yields an analysis at logarithmically spaced frequencies. In
Chapter 2, Judith Brown looks at methods of analysis using this transform. She
then shows how fundamental-frequency (pitch) tracking can be based on pattern
matching of the constant-Q transform output, giving examples of violin performance analysis. Next, a high-resolution pitch analyzer is described, which is based
on the phase changes of spectral components, to improve the precision of pitch
tracking. This pitch analyzer was applied to the problem of resolving the frequency
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ratios of musical instrument partials in order to determine the degree to which they
were, or were not, harmonic. Finally, a listening experiment was conducted to
determine the perceived pitch center of viola vibrato tones, and results for relatively experienced and inexperienced listeners are compared. This also yielded an
estimate of the pitch JND for these listeners.
In Chapter 3, Lippold Haken, Kelly Fitz, and Paul Christensen describe a novel
analysis/synthesis method and how it can be used as a synthesis engine for a “fingerboard” musical instrument. The method is an extension of the SFT method
described in Chapter 1. The two extensions are noise enhancement and spectral
reassignment. Rather than separate additive noise into a residual as has been done
by Serra and Smith (1990), noise is treated in terms of separable “noise-factor”
signals that are modulated onto individual partials during synthesis. Thus, each
partial is represented by three parameters: amplitude, frequency, and noise factor. With spectral reassignment, the time and frequency for each time frame and
partial within the frame are reestimated by utilizing centroids of the windowed
time function and its Fourier transform. The overall method results in improved
analysis/synthesis of complex sounds having sharp transients and inharmonic partials. The result is parameter streams that can be easily manipulated in time and
frequency. The method has been been used as the synthesis engine of a new “fingerboard” musical instrument, called the Continuum, which, in addition to pitch
and loudness control, affords timbral control by morphing between two target
instrument sounds appropriate for each pitch.
Another method of processing complex, even polyphonic, sounds with increased
perceptual accuracy is described by Scott Levine and Julius Smith in Chapter 4.
Their method builds on the sinusoids-plus-noise model developed by Serra and
Smith (1990). The new method divides the signal into three parts: time-varying
sinusoids, time-varying noise, and transients. The signal is first segmented into
attack-transient and nontransient time regions. The transient segments are coded
using a variation on an MPEG audio transient coder. Nontransient time regions
are analyzed as “multiresolution sinusoids” and noise. “Multiresolution” means
that frequencies below 5000 Hz are analyzed as time-varying sinusoids for the
frequency ranges 0–1250 Hz, 1250–2500 Hz, and 2500–5000 Hz with different
time resolutions of 46 ms, 23 ms, and 11.5 ms, respectively. Overlap regions
between transient and sinusoids are phase-matched to avoid discontinuities. Noise
is modeled in terms of Bark bands, which are critical bands varying in bandwidth
across the spectrum (Zwicker, 1961). Below 5000 Hz noise is based on the residual
between the signal and the sum of analyzed sinusoids. Above 5000 Hz noise is
based on the entire signal. Time variation of the noise is given in terms of a
piecewise linear curve for the amplitude of each Bark-band noise. The method
allows time expansion and other modifications (such as frequency tuning) without
loss of fidelity, including the preservation of sharp attack transients.
In Chapter 5, Xavier Rodet and Diemo Schwarz describe various methods for
representing signals in terms of time-varying spectral envelopes. A tacit assumption is that the spectral envelope provides appropriate spectral variation as the
fundamental frequency (pitch) varies. It is also useful for morphing between different vocal or instrumental spectra. The chapter outlines the importance of the
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source/filter model, especially for speech signals, and the importance of formants,
which are pronounced maxima within spectra or filter response functions at particular frequencies, usually higher than the fundamental. Source spectra generally
have no formants, but they can vary with time and with intensity; in the latter case,
usually the tilt (i.e., average slope) of the spectrum varies with intensity. Three
important properties of a spectral envelope are given: (1) It should envelope the
spectral maxima; (2) it should be smooth; and (3) it should adapt to fast variation.
Later, properties of exactness and robustness are added. Then, various spectralenvelope estimation methods are given, including methods that are derived by
autoregression (AR) [also called linear predictive coding (LPC)], cepstrum, discrete cepstrum, and several enhancements of the discrete cepstrum method. The
spectral envelope of the residual signal is treated as a special case, because this
is assumed to be nonsinusoidal. Other topics covered are concerned with synthesis: filter coefficients, geometric representations, formants, spectral-envelope
manipulation, morphing, sine-wave additive synthesis, and inverse-FFT synthesis.
In Chapter 6 Andrew Horner discusses methods of data reduction for multiple wavetable and frequency-modulation (FM) resynthesis based on matching the time-varying spectral analysis of harmonic (or approximately harmonic)
fixed-pitch musical instrument tones. A relative-amplitude spectral error formula
is defined, and the use of a genetic algorithm combined with the well-known
least-squares method to compute a set of near-optimum spectra and associated
amplitude-vs-time envelopes for resynthesis is described. Several different methods of resynthesis are examined: wavetable indexing, wavetable interpolation,
group additive, formant FM, double FM, and nested FM. Results are shown for
trumpet, tenor voice, and Chinese pipa tone matches using each of the methods.
Wavetable indexing and wavetable interpolation are found to give the best matches.
However, wavetable indexing is found to require the least memory, while wavetable
interpolation is found to be the most computationally efficient of the two methods.
John Hajda reviews recent research on the salience of various timbre-related parameters in Chapter 7. Two basic methods for studying timbre are classification and
relational measures. Some spectrotemporal parameters that may impact timbre are
time-envelope (attack, steady-state, decay), spectral centroid, spectral irregularity,
and spectral flux. When the attack portions are deleted from 12 sustained (aka continuant) tones (with attack time measured three different ways), the “remainder
tones” are on average correctly identified almost at the same rate as the original
sounds (85% vs 93% correct) and are better for identification than “attack-only
tones.” Moreover, reverse playback of entire sustained tones does not affect their
identification. These two results indicate the relative importance of steady-state
and decay. Two different relational methods are (1) verbal attribute magnitude
estimation, where timbres are rated on a scale from, say, “dull” to “sharp”; and (2)
numerical ratings of timbre dissimilarity, which can be analyzed by MDS statistical algorithms to produce a “timbre space,” where each timbre occupies a point
in the space and the distance between any two timbres represents their average
perceptual dissimilarity. In the latter case, physical parameters such as attack time,
spectral centroid, and spectral variance have been found to correlate well with
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MDS dimensions. In one study, parameter salience was determined by testing how
well listeners could detect various simplifications to time-varying spectral data
after resynthesis, under the assumption that if a parameter is easily detected when
a parameter is simplified, the parameter must have timbral saliency (McAdams
et al., 1999). Another study with similar simplifications used a similarity rating
method of testing subjects (Hajda, 1999). Both studies agreed that spectral flux,
the amount of variation of the amplitude-normalized spectrum, is the most salient
parameter of the sustained musical instrument sounds tested. The chapter closes
with brief discussions of the effect of musical context on timbre and the perception
of percussion (aka impulse) sounds.
Finally, in Chapter 8 Sophie Donnadieu considers a number of topics related to
timbre perception. She begins by noting the difficulty of studying timbre due to the
absence of a satisfactory definition, its multidimensional nature, and a diversity
of notions about the types of sound sources that produce timbre, whether they be
isolated tones, multiple pitches on a single instrument, combinations of different
instruments, or unfamiliar sounds produced by sound synthesis. Next, the concept
of perceptual dimensions is discussed, with an emphasis on MDS methods, and the
results of several MDS experiments are described (e.g., Grey and Moorer, 1977;
McAdams et al., 1995). Usually two or three dimensions can be resolved and correlated (either qualitatively or quantitatively) with spectrotemporal features such
as “temporal envelope,” “spectral envelope,” and “spectral flux.” Next she introduces the concept of “specificities,” whereby different instruments have unique
aspects of timbral quality, such as special types of attacks or special spectral or
formant characteristics. The effect of listener musical experience is also explored,
and musicianship is found to affect the precision and coherence of judgments.
Furthermore, the predictive power of timbre spaces is discussed in terms of interpolating along dimensions using morphing techniques, perception of “timbral
intervals,” auditory streaming, and the effect of context. Finally, attempts to evaluate the efficacy of verbal attributes such as “smooth” vs “rough” for describing
timbre are discussed. In the next section Donnadieu looks at the idea of timbral
categorization. According to categorization theory, timbre is mentally organized
by clusters, rather than as a continuum, e.g., any sound with certain characteristics
might be categorized as a “trumpet.” Or it is also plausible that timbres are strictly
grouped by listeners according to physical sound-production characteristics (e.g.,
instrument size, shape, material, and manner of excitation) which are inferred from
the corresponding sounds. Donnadieu describes her own experiment on categorization processes and finds that timbral categories correspond to perceptual reality
while at the same time they are related to the physical functioning of musical instruments. She concludes by describing several studies, including one of her own,
which use a physical parameter continuum (e.g., attack time) to test the relationship
between “identification” and “discrimination.” While most studies seem to suggest
that categorical perception is salient and is based on feature detection, her study
on a rise-time continuum for struck and bowed vibraphones supported a theory of
noncategorical perception. Therefore, the conditions under which categorical vs
noncategorical perception of timbre occur is still an open question.
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These eight chapters give eight different perspectives on the problem of understanding musical sounds from an analytical point of view. They hopefully will give
the reader a broad insight into how sounds can be analyzed, illustrated, modified,
synthesized, and perceived.
J.W.B.
Urbana, Illinois, U.S.A.
February, 2005
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Analysis and Synthesis of Musical
Instrument Sounds
JAMES W. BEAUCHAMP

Introduction
For synthesizing a wide variety of musical sounds, it is important to understand
which acoustic properties of musical instrument sounds are related to specific
perceptual features. Some properties are obvious: Amplitude and fundamental
frequency easily control loudness and pitch. Other perceptual features are related
to sound spectra and how they vary with time. For example, tonal “brightness” is
strongly connected to the centroid or tilt of a spectrum. “Attack impact” (sometimes
called “bite” or “attack sharpness”) is strongly connected to spectral features during
the first 20–100 ms of sound, as well as the rise time of the sound. Tonal “warmth”
is connected to spectral features such as “incoherence” or “inharmonicity.”
Experienced musical listeners can usually identify which instruments are present
in a music recording, although identification acccuracy varies with the prominence of an instrument (in the music), familiarity, number of instruments, etc.
Listeners can even track an individual instrument, by “pushing other instruments
into the background,” as it moves up and down the pitch scale. Something about
the integrity of an individual instrument’s scope of spectral possibilities makes
experienced musical listeners able to consider a group of notes to be “from
that instrument.” This may be aided by listeners’ ability to visualize the physical apparatus that produces a group of sounds previously heard. However, it
is also probable that listeners can learn to hear these connections without ever
having seen a physical instrument producing the sounds, simply by listening to
recordings.
Despite the current lack of a comprehensive theory of timbre, it is highly probable that such a theory will eventually be based on data obtained from time-varying
spectrum analysis. Section 1 of this chapter examines some useful methods for
analysis and synthesis of musical sounds based on the short-time Fourier transform. Section 2 investigates various characteristics of instrumental sound spectra in an effort to gain an understanding of that which makes different musical
sounds sound different, i.e., how they might evoke unique timbres. Throughout,
the SNDAN analysis/synthesis software package (Beauchamp, 1993) is used to
illustrate examples of musical sound spectral analysis.
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Analysis/Synthesis Methods

While mathematical representations of musical instrument sounds are not unique,
it is very useful to represent such sounds as a collection of sine waves (sinusoids)
with time-varying amplitudes, frequencies, and phases and possibly also with an
additive noise signal having certain time-varying spectral properties. With this
model, it is assumed that a musical sound signal s(t) can be expressed as
s(t) =

K (t)


Ak (t) cos(θk (t)) + n(t),

(1.1a)

k=1

where



t

θk (t) = 2π

f k (τ )dτ + θk0 .

(1.1b)

0

The various parameters are defined as follows:
t = time.
Ak (t) = amplitude of the kth sine wave (frequency component or partial) at time t.
k = partial number.
K (t) = number of sinusoidal partials, which may vary with time.
θk (t) = phase of partial k at time t.
f k (t) = frequency of partial k at time t.
θk0 = θk (0) = initial phase of partial k (phase at time = 0).
n(t) = additive noise signal, whose short-term spectrum varies with time.
The instantaneous phase of each partial is intrinsically bound to its initial phase
and its instantaneous frequency. Given the starting phase and the frequency (the
phase derivative), the phase is known, at least theoretically, at each instant of time.
Note that if the time scale or frequencies are altered, the relative phases among the
partials will change.
The noise term n(t) can be omitted from the model if the noise is considered to
be embedded in the individual partials. The decision about whether noise should
be separate from the sinusoids or contained within them depends on the type of
analysis used, the nature of the noise, and convenience when doing the synthesis,
especially if modifications such as time-stretching are to be done. In most of the
examples presented in this chapter, noise will be assumed to be embedded in the
amplitude and frequency time functions for the individual partials. Therefore, with
this assumption, a musical instrument signal can be represented strictly as
 t
K (t)

s(t) =
Ak (t) cos(2π
f k (τ )dτ + θk0 ).
(1.2)
k=1

0

What remains, given the representation of Eq. 1.2, is to estimate its various parameters, namely, K (t), Ak (t), f k (t), and θk0 for 1 ≤ k ≤ K . In this chapter, two
different methods of analysis, both of which are examples of short-time Fourier
analysis, are presented. One is called the harmonic filter bank or phase vocoder
method and the other the frequency-tracking or McAulay–Quatieri (MQ) method.
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FIGURE 1.1. Overlapping band-pass analysis filter responses centered at harmonics of f a .

1.1

Harmonic Filter Bank (Phase Vocoder)
Analysis/Synthesis

Harmonic filter bank or phase vocoder analysis simulates a bank of overlapping
band-pass filters each centered on an integer multiple of a base frequency f a ;
i. e., at harmonic frequencies f k = k f a , for k = 1, . . . , K , where f a is referred
to as the analysis frequency, and K is a constant number of harmonics. Each
filter function Wk ( f − f k ) has a maximum value of unity at f = k f a . Also, each
filter function is zero or very small for f ≤ (k − 1) f a and f ≥ (k + 1) f a . Such a
filter bank, consisting of a series of overlapping bell-shaped curves, one for each
band-pass filter, is depicted in Fig. 1.1. This filter bank has the special property
that for a periodic signal with constant fundamental frequency exactly at f a and
fixed harmonic amplitudes Ak , each filter will produce a sine wave with frequency
f k = k f a and amplitude Ak , i.e.,
sk (t) = Ak cos(2π k f a t + θk0 ).
1.1.1

(1.3)

Frequency Deviation and Inharmonicity

If, on the other hand, the amplitudes and frequencies are allowed to vary with time
(but not too fast!) and each kth harmonic frequency is confined to a narrow range
around kfa , the filter outputs will closely—although not perfectly—replicate the
terms in the summation of Eq. 1.2. In this case, it is useful to define
f k (t) = k f a +  f k (t),

(1.4a)

where fk (t) is a time-varying frequency deviation.
The frequency deviation can be written as
 f k (t) = f k (t) − k f a ,

(1.4b)

and the relative frequency deviation as
 f k (t)
f k (t)
=
− fa .
k
k
Also useful is the normalized frequency deviation
 f k (t)
f k (t)
=
− 1,
k fa
k fa

(1.4c)

(1.4d)
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which gives the fractional deviation of a frequency with respect to its harmonic
value. For example, if fk /kfa varies by ±0.06 (or 6%), the kth harmonic frequency
varies upward and downward by approximately one semitone with respect to its
center position, kfa . A well-known measure of microtonal pitch is the logarithmic
cents measure, where there are 100 cents per semitone. Normalized frequency
deviation can be expressed in terms of cents deviation using the formula


 f k (t)
cents(t) = 1200 · log2
.
(1.4e)
k fa
A sound is instantaneously harmonic if all frequencies track one another such that
 f k (t) = k f 1 (t),

(1.5a)

which leads to a definition of inharmonicity:
Ik (t) =

 f k (t)
− 1.
k f 1 (t)

(1.5b)

In practice, if the amplitude of the first harmonic is too small,  f 1 may be poorly
defined, and Eq. (1.5b) may result in a poor estimate of inharmonicity. To circumvent this problem, a composite fundamental frequency deviation is defined
as
5


 f c1 (t) =

Ak (t) f k (t)/k

k=1
5


,

(1.5c)

Ak (t)

k=1

which is the relative-amplitude-weighted sum of the harmonic-normalized first
five harmonic frequency deviations. This is an ad hoc formula based on research
on the relative dominance of low harmonics for determining pitch (e.g., Moore
et al., 1985) and the observation that most musical instruments have their strongest
harmonics within the first five. Note that if all the harmonic amplitudes are equal,
the ordinary average of the relative frequency deviations results. But with unequal
amplitudes, stronger amplitudes dominate the formlula. Thus, for cases where A1
is weak, fc1 should be substituted for  f 1 in Eq. (1.5b).
Owing to analysis and signal imperfections, some small amount of inharmonicity will appear to be present in the analysis of the most harmonious of tones.
However, Eq. (1.5b) is especially useful for cases when the signal has appreciable
amounts of inharmonicity.
A problem arises when the frequencies of a sound to be analyzed have too
much deviation from harmonic frequency values, whether it be due to frequency
modulations or long-term inharmonicity. For the harmonic case, a fundamental
frequency that deviates by f1 from f a translates into a change of kf1 from kfa ,
which is the center frequency of the kth harmonic analysis filter, also called the
kth bin. When kf1 ≥ 0.5 f a , the kth frequency component is reported from the
(k + 1)st bin with as much or greater amplitude than from the kth bin. Meanwhile,
the kth harmonic bin’s output will also include the effect of the (k − 1)st harmonic.
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Thus, while a moderate amount of fundamental frequency deviation typically does
not cause appreciable analysis error in the lower harmonics, at a certain harmonic
the analysis accuracy for the upper partials will be affected. This is a basic limitation
of the harmonic filter bank approach.
1.1.2

Heterodyne-Filter Analysis Method

The filter-bank analyzer is implemented by a method known by various names
(e.g., phase vocoder, short-time Fourier transform) including the heterodyne filter
method (Beauchamp and Fornango, 1966; Beauchamp, 1969), which is derived
from traditional Fourier series analysis. Accordingly, the complex amplitude of
the kth harmonic of s(t) is given by
 ∞
c̃k (t) =
w(t − τ )e− j2π k fa τ s(τ )dτ ,
(1.6a)
−∞

where w(t) is the impulse response of a low-pass filter. Equation (1.6a) can be
interpreted as being the combination of two operations:
(1) Heterodyne (i.e., multiplication) of the signal s(t) by the complex exponential
function e− j2πk fa t [which can also be written as cos(2π kfa t) − j sin(2π kfa t)],
where f a is the analysis frequency.
(2) Low-pass filtering of this product by convolution with a special “window”
function w(t), which in general is an even function of t.
The heterodyne operation shifts the frequency kfa within s(t) to f = 0 and
frequencies in the vicinity of kfa to the vicinity of zero. Then the low-pass filter
attempts to remove all components except those whose frequencies are less than
f a /2. To illustrate, let’s define
s  k (t) = e− j2π k fa t s(t)

(1.6b)

as the heterodyned signal. Then the low-pass operation can be accomplished by
c̃k (t) = w(t) ∗ s k (t),

(1.6c)

where ‘∗’ indicates convolution. In terms of Fourier transforms Eq. (1.6c) becomes
C̃k ( f ) = W ( f )S  k ( f ) = W ( f )S( f + k f a ).

(1.6d)

The Fourier transform of w(t), W ( f ), is also known as the frequency response or
the filter characteristic of w(t), whereas S( f ) is the spectral characteristic, or simply
the spectrum, of s(t). Because the low-pass region of W ( f ) corresponds to the frequency range (−0.5 f a , 0.5 f a ) and the frequency range ((k − 0.5) f a , (k + 0.5) f a )
of S( f ) has been translated to this region by virtue of S( f + kfa ), C̃k ( f ) ideally
contains only the portion of S( f ) corresponding to a ±0.5 f a band around kfa ,
and, consequently, is the equivalent of the output of a symmetric band-pass filter.
1.1.2.1

Window Functions

Window functions are particular versions of w(t) that are time-limited and whose
Fourier transforms have “nice” low-pass characteristics. These functions are
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referred to as window functions or simply windows because they can be visualized
as providing a “window” on a particular segment of the signal. These functions are
therefore zero outside a time interval −T ≤ t ≤ T . They are also even functions
[i.e., w(t) = w(−t)], with the result that their Fourier transforms are real and their
phase responses are zero.
The simplest possible window is the rectangular window, which for our application is defined as

f a , |t| ≤ 0.5/ f a
w(t) =
.
(1.7a)
0, |t| > 0.5/ f a
Note that f a , the analysis frequency, is associated with the height and width of the
window. In this case, the window width is 1/ f a , and, because the height is f a , the
area of the window is 1.0. [Other windows will be given in terms of w(t)/ f a in
order to simplify the formulas.] In comparison to other useful window functions,
the rectangular window has a very inferior response for f > f a . However, in a
certain sense, it does afford the best time resolution.
A much better and very convenient window function is the hanning (aka Hann)
window:
 2
w(t)
cos (0.5π t f a ) = 0.5 + 0.5 cos(π t f a ), |t| ≤ 1/ f a
=
(1.7b)
|t| > 1/ f a
0,
fa
The width of this window is 2/f a , its peak amplitude is again f a , and its area is
again 1.0.
A variation on this window function is the Hamming window:

w(t)
0.5 + 0.426 cos(π t f a ), |t| ≤ 1/ f a
=
(1.7c)
|t| > 1/ f a
0,
fa
Like the hanning, the Hamming is a 2-term window function having a window
width 2/f a , but with a peak amplitude of 0.926 f a . Note the discontinuity at t =
±1/f a . Its area is again 1.0.
A more sophisticated window function is the 4-term Blackman–Harris
window:
w(t)
=
fa



0.25 + 0.3403 cos(0.5π t f a ) + 0.0985 cos(πt f a ), +0.0081 cos(1.5πt f a ), |t| ≤ 2/ f a
0,

|t| > 2/ f a
(1.7d)

The width of this window is 4/f a , and its peak amplitude is 0.6969 f a . Again the
area is 1.0.
More details on the behavior of these window functions are given in Harris
(1978) and Nuttall (1981). Figure 1.2a compares the four window functions given
above (normalized by f a ). They can be generalized to the form:
⎧ P−1

w(t) ⎨
α p cos(2π p f a t/P), |t| ≤ 2Pfa
= p=0
,
⎩
fa
|t| > 0
0,

(1.8)
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FIGURE 1.2. Comparison of four window types: rectangular, hanning, Hamming, and
Blackman–Harris. (a) Normalized window functions, w(tfa )/ f a ; (b) Normalized window
frequency responses,W ( f / f a ); (c) Window responses in decibels, 20log(W ( f / f a )).
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where P is the number of terms in the summation and α0 = 1/P. Then, Eq. (1.6a)
for this class of window functions can be written

c̃k (t) = f a
= fa

t+ 2Pfa
t− 2Pfa

P−1


w(t − τ ) − j2π k fa τ
e
s(τ )dτ
fa


αp

p=0

t+ 2Pfa
t− 2Pfa

(1.9a)

cos(2π p f a (t − τ )/P)e− j2π k fa τ s(τ )dτ . (1.9b)

The frequency responses of these window functions can be calculated easily by
taking their Fourier transforms according to
 ∞
W( f ) =
w(τ )e− j2π f τ dτ
(1.10a)
−∞
P−1


= fa


αp

p=0

t+ 2Pfa
t− 2Pfa

cos(2π p f a τ/P)e− j2π k f τ dτ ,

(1.10b)

where f is the frequency.
Knowing that


T

−T

sin((ω + β)T ) sin((ω − β)T )
+
ω+β
ω−β
= T [sinc((ω + β)T ) + sinc((ω − β)T )] ,

cos(βτ )e− jωτ dτ =

(1.11)

and taking ω = 2π f , T = P/(2 f a ), and β = 2π p f a /P, the general formula for
the frequency response becomes
W( f )=


 

 

P−1
P
Pf
Pf
α p sinc π
+ p +sinc π
−p
.
2 p=0
fa
fa

(1.12a)

From Eq. (1.12a), considering that α0 = 1/P and f = 0, it follows that H (0) =
Pαo = 1.0, the maximum value of the response. Also, if the frequency is a harmonic of f a , i.e., f = k f a , k = 1, 2, 3, . . . , it can be seen that W (k f a ) = 0. The
first zero, which occurs at f = f a , defines the end of the low-frequency response.
Because of the zero positions, this type of response is perfect for analysis of absolutely periodic signals having fundamental frequency f a . Another interesting result
is that for f = q f a /P, q = 1, 2, . . . , P − 1, W (q f a /P) = 0.5Pαq . This allows a
quick calculation of some frequency-response values for 0 < f < f a (the “pass
band”) in terms of the window function coefficients. Note that the decibel equivalent of W , Wdb = 20 log10 (W ), is zero for f = 0 and less than zero for f > 0. The
“half-way” pass-band values at Wdb ( f a /2) are, respectively, −3.9, −6.0, −7.4, and
−20.1 dB for the rectangular, hanning, Hamming, and 4-term Blackman–Harris
windows.
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Equation (1.12a) can also be written (Nuttall, 1981) as

 P−1
(−1) p α p
πPf 
W ( f ) = Psinc
.
2
fa
p=0 1 − p f a
Pf

9

(1.12b)

The sinc function shows that for f ≥ f a (the “stop band”) the response has zeros
which are separated by f a /P. (Zeros for f < f a are cancelled by singularities
due to particular summation term denominators.) Of particular importance is the
response for frequencies halfway between the zero frequencies above f a , i.e., the
“half-way” stop-band values at W ((q + .5) f a /P) for q = P, P + 1, P + 2, . . . .
These values, which are hopefully small, give an idea of how well the filter rejects
unwanted frequencies. It turns out that these maximum stop-band responses (in
terms of Wdb ) for the rectangular, hanning, Hamming, and 4-term Blackman–
Harris windows are, respectively, −13.5, −31.5, −43.2, and −92.0 dB. The W ( f )
and Wdb ( f ) responses are compared in Figs. 1.2b and 1.2c.
Another very useful window function is the Kaiser–Bessel window (Kaiser and
Schafer, 1980; Harris, 1978; Nuttall, 1981), which is defined in the time domain
by

1
T
α
w(t) =
Io α 1 − (2t/T )2 , |t| < ,
(1.13a)
T sinh(α)
2
where Io is the zeroth-order modified Bessel function of the first kind, α is a fixed
parameter, and T is the window width. By varying α, different frequency responses
can be achieved. The general formula for the frequency response is

sinh(α 1 − (π T f /α)2 )

W( f ) =
.
(1.13b)
sinh(α) 1 − (π T f /α)2
When πTf/α > 1, the square roots of this rather peculiar function become imaginary
and the numerator sinh function turns into a sin function. When π T f /α = 1, the
roots are zero, and W ( f ) = α/ sinh(α).The first zero occurs when the argument
of the sin is π , and this leads to f o = 1 + (α/π )2 /T . For f > f o the function
approximately follows a sinc function:

α
α
W( f ) =
sinc α (π T f /α)2 − 1 ≈
sinc (π T f ) .
(1.13c)
sinh(α)
sinh(α)
So for a given window width T , the first zero frequency and the amount of stopband rejection depends on the value of the parameter α, and there is a trade-off
between the two. For example, to mimic a Hamming window, taking α = 5.441
forces f o = 2/T . The minimum stop-band attenuation is approximately 40 dB,
which is comparable to the Hamming. If the first zero is moved to f o = 4/T , the
stop-band attenuation becomes approximately 92 dB, like the 4-term Blackman–
Harris. Two other things are obvious from Eq. (1.13c): (1) The sidelobe peak
values of the Kaiser–Bessel window are spaced by 1/T , with zero values halfway in between. (2) The peak values decrease in amplitude by –6 dB/octave. But,

