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     Foreword    

 The year is 2027, the price of quantum computers is falling rapidly, and a universal 
solver for the leading type of quantum computer is now in its second release. Given 
any model instance and any well-formulated problem posed on that instance, 
Universal Solver 2.0 will quickly produce a solution. There are some limitations, of 
course: the model instance has to be specified using a given repertoire of common 
mathematical functions within an algebraic framework or, possibly, a system of 
differential or integral equations, with the data in a particular kind of database, and 
the problem posed has to be of a standard type: database query, equation solution, 
equilibrium calculation, optimization, simulation, and a few others. 

 As a tool for practical applications of operations management and operations 
research, is this all we need? 

 I think not. Useful as such a tool would be, we still need a solver or solution 
process that can explain  why  a solution is what it is, especially when the validity of 
the solution is not easily verifiable. The big weakness of computations and solvers 
is that they tell you  what  but not  why . 

 Practitioners need to know why a solver gives the results it does in order to arrive 
at their recommendations. A single model instance—that is, a particular model 
structure with particular associated data—hardly ever suffices to capture suffi-
ciently what is being modeled. In practical work, one nearly always must solve 
multiple model instances in which the data and sometimes even the model structure 
are varied in systematic ways. Only then can the practitioner deal with the uncer-
tainties, sensitivities, multiple criteria, model limitations, etc., that are endemic to 
real-life applications. In this way, the practitioner gradually figures out the most 
appropriate course of action, system design, advice, or whatever other work product 
is desired. 

 Moreover, if a practitioner cannot clearly and convincingly explain the solutions 
that are the basis for recommendations—especially to the people who are paying 
for the work or who will evaluate and implement the recommendations—then it is 
unlikely that the recommendations will ever come to fruit or that the sponsor will 
be fully satisfied. 

 There are two major approaches to figuring out why a model leads to the solu-
tions that it does. One is mainly computational. In the course of solving multiple 
model instances, as just mentioned, the analyst comes to understand some of the 
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solution characteristics well enough to justify calling them insights into why the 
solutions are what they are (typically at an aggregate rather than detailed level). 
These insights can inform much of the thinking that the model was designed to 
facilitate and can facilitate communicating with others. 

 The second approach is not primarily computational, but rather is based on 
developing insights into model behavior by analytical means. Direct analytical 
study may be possible for very simple (idealized) model structures, but this tends 
not to be feasible for the kinds of complex models needed for most real applica-
tions. Practical studies may have to rely on a deep understanding of greatly simpli-
fied models related to the one at hand, or on long experience with similar models. 
This is an art leading mainly to conjectures about solution characteristics of interest 
for the fully detailed model, and was the approach taken in the paper of mine that 
the editors cite in their preface. These conjectures are then subjected to computa-
tional or empirical scrutiny, and the ones that hold up can be called insights into 
why the full model’s solutions are what they are. 

 The importance of this book, in my view, rests partly on its success in teasing 
out the deep understanding that is possible for some relatively simple yet common 
model structures, which in turn can be useful for the second approach just sketched, 
and partly on the sheer expository strength of the individual chapters. The profes-
sion can never have too many excellent expositions of essential topics at the foun-
dation of operations management. These are valuable for all the usual reasons—utility 
to instructors, utility and motivation for students and practitioners, utility to lay 
readers (perhaps even the occasional manager or engineering leader) curious about 
developments in fields outside their own expertise, and even utility to researchers 
who like to accumulate insights outside their usual domain. 

 Having stressed the  utility  of expositions that communicate the insights attaina-
ble by avoiding too many complexities, let me balance that by pointing out how 
exquisitely  beautiful  the insights of such expositions can be, and also how exqui-
sitely  difficult  such writing is. 

 Most readers will find a good deal of beauty as well as utility in this book’s 
chapters, and I commend the editors and authors for their efforts. 

   Arthur   Geoffrion   
 UCLA Anderson School of Management   
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  Preface  

   The idea for this book began with a discussion at a professional meeting regarding 
teaching materials. As educators in schools of business, we each were looking for 
materials and teaching approaches to motivate students of operations management 
regarding the usefulness of the models and methods presented in the basic OM 
course. Our experience has been that many of the basic OM concepts have been 
“fleshed out” and so deeply developed to the point where basic insights are often 
lost in the details. Over the years, we both have been heavily influenced by Art 
Geoffrion’s classic article “The Purpose of Mathematical Programming is Insight, 
Not Numbers,”  Interfaces , 1976. We believe that this principle is fundamental in 
educating users of the “products” we deliver in the classroom, and so our project—
this book—was initiated with a great deal of enthusiasm. Our first task was to enlist 
the assistance of well-known individuals in the field who have the professional cre-
dentials to gain the attention of potential readers, yet are able to tell their story in 
language appropriate for our target audience. We think you will agree that we have 
been successful in our choice of authors. 

 The purpose of this book is to provide a means for making selected basic opera-
tions management models and principles more accessible to students and practicing 
managers. The book consists of several chapters, each of which is written by a well-
known expert in the field. Our hope is that this user-friendly book will help the 
reader to develop insights with respect to a number of models that are important in 
the study and practice of operations management. We believe that one of the pri-
mary purposes of any model is to build intuition and generate insights. Often, a 
model is developed to be able to better understand phenomena that are otherwise 
difficult to comprehend. Models can also help in verifying the correctness of an 
intuition or judgment. As an example, managers may use the SPT (shortest process-
ing time) method to schedule completion of paperwork with the objective of “clear-
ing their desk”— removing as many jobs from their desk as quickly as possible. As 
it turns out, it can be easily shown that SPT sequencing minimizes average job flow 
time (see Chap. 1). Thus, in this case, it is comforting to know that the manager’s 
intuition is correct. However, it is also essential to know when (and why!) intuition 
fails, and a well-structured model should convey this information. In spite of the 
fact that many educators recognize the intuition-building power of simple models, 
we are not aware of any existing book that has a focus similar to ours. 
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 As mentioned above, Chap. 1 deals with the shortest process time principle. 
Chapter 2 contains insight on the knapsack problem—a problem that often arises 
as a subproblem in more complex situations. The notion of process flexibility, and 
how to efficiently attain it, is the subject of Chap. 3, while queuing concepts are the 
subject of Chap. 4. A key relationship between flow rate, flow time, and units in the 
system—Little’s Law—is discussed in Chap. 5. In Chap. 6, the use of the median, 
as opposed to mean, is shown to be a best choice in certain situations. The news-
vendor model, a means of balancing “too much” versus “not enough,” is the subject 
of Chap. 7, while the economic order quantity inventory model is covered in Chap. 8. 
The pooling principle, a means of mitigating variance, is the topic of the final 
chapter. 

 To ensure that the book is accessible by our target audience, the chapters are 
written with students and managers in mind. Reading the book should help in 
developing a deeper appreciation for models and their applications. One measure 
of accessibility is that individuals only vaguely familiar with OM principles should 
be able to read and comprehend major portions of the book. We sincerely hope that 
the book will meet this test. 

 This book should appeal to three major audiences: (a) teachers of introductory 
courses in OM, (b) students who are taking one of their first courses in OM, and 
(c) managers who face OM decisions on a regular basis. 

 As professors who have considerable experience in teaching OM, we have found 
that students value insights gained by the models and tools that are the subject of 
this book. In addition, early in our careers we experienced a certain level of “dis-
comfort” in teaching some of these models. This discomfort arose because as teach-
ing “rookies” we lacked the maturity and experience to do proper justice to the 
material. Thus, we hope that the background and examples provided by the book 
will be of considerable help to “new” teachers. 

 Finally, we hope that the book will also appeal to those managers who believe 
that decision technology tools can be brought to bear on the problems they face. 

 Although each chapter of this book treats a different fundamental OM concept, 
we have made every effort to have a uniform writing style and (as much as possible) 
consistency in notation, etc. With this in mind, the book can be used in its entirety 
in an OM course. Alternatively, individual chapters can be used in a stand-alone 
situation since material does not “build” progressively through the book. For our 
managerial audience, we see the book as an excellent reference source. 

 We sincerely hope that you will find the book useful and that it will be a valuable 
addition to your personal library. 

   Tim     Lowe    and    Dilip   Chhajed   
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        Chapter 1  
 Sequencing: The Shortest Processing Time Rule 

        Kenneth R.   Baker    
Dartmouth College

   The problem of sequencing arises frequently in many areas of business and engineering. 
Shortest-first sequencing (or one of its variants) has proven to be optimal in 
a number of problem areas.    

   Introduction 

  Thanks to a day’s exposure at the annual professional conference, Alison has 
received four requests for design work. Based on her experience, she can estimate 
how long it would take her to deliver each design, noting that some of the jobs were 
short ones and others were longer. In addition, Alison’s working style is to focus on 
one job at a time, postponing any thought about the others until the current one is 
finished. Nevertheless, as she thinks about the situation, she realizes that her four 
customers will get different impressions of her responsiveness depending on the 
order in which she completes the designs. In other words, it seems to make a difference 
what sequence she chooses for the jobs. 

   What is Alison’s Sequencing Problem?  

 Let’s start by acknowledging that Alison is indeed faced with a  decision . She 
could work on her four jobs in any one of several possible sequences. Depending 
on what order she chooses, at least one of the customers will get a response 
almost immediately, while the rest of the customers will experience  various 
delays while they wait for other work to be completed. When different  customers 
experience different responses, it helps if we can find a suitable  measure to evalu-
ate how effectively the entire set of customers is served. 

 For example, suppose Alison’s predictions of the job times are as follows. The times 
indicate how many days must be dedicated to each job. 

D. Chhajed and T.J. Lowe (eds.) Building Intuition: Insights From Basic  1
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2 K.R. Baker

 Job number  1  2  3  4 
 Work time  4  2  9  7 

 From the time Alison starts, the entire set of jobs will take 4 + 2 + 9 + 7 = 22 days 
to complete. Let’s examine how individual customers might experience delays. 

 Suppose that the jobs are sequenced by job number (1-2-3-4). Then we can build 
the following table to trace the implications. 

 Sequence position  1  2   3   4 
 Job number  1  2   3   4 

 Work time  4  2   9   7 
 Completion time  4  6  15  22 

 The completion time of any customer is the completion time of the previous job 
in sequence, plus the time for the waiting customer’s job. A graphical representa-
tion of the sequence is shown in Exhibit 1.1. 

 time
4 6 15 22

4 2 9 7

 The      four completion times measure the four delay times experienced by the customers. 
One simple way to measure the effectiveness of the entire schedule is simply to add 
these numbers: 4 + 6 + 15 + 22 = 47. Some other sequence (for example, 4-3-2-1) would 
achieve a different measure of effectiveness (63), as calculated from the table below. 
 Sequence 
position 

 1   2   3   4 

 Job number  4   3   2   1 
 Work time  7   9   2   4 
 Completion time  7  16  18  22  7 + 16 + 18 + 22 = 63 

 In other words, the total of the delay times experienced by individual customers is 47 
in the former case and 63 in the latter. Thus, different sequences can lead to different 
measures of effectiveness: in sum, it  does  make a difference which sequence Alison 
chooses. Moreover, because smaller response times are more desirable than larger ones, 
Alison would prefer a sequence with a measure of 47 to one with a measure of 63. In fact, 
Alison would like to find the sequence that   minimizes  this measure of effectiveness.  

   What is the Sequencing Problem?  

 We can begin to generalize from the example of Alison’s decision. A sequencing problem 
contains a collection of jobs. In our example, there are 4 jobs; in general, we could have 
 n  jobs. Since the timing of those jobs is usually critical to the  problem, a sequencing 
problem also specifies the time required to carry out each of the given jobs. In our 
example, there are job times of 4, 2, 9, and 7. In general, we could associate the processing 
time  t

   i
   with the  i th job. Thus, jobs and job times constitute the minimal description of a 

Exhibit 1.1



1 Sequencing: The Shortest Processing Time Rule  3

sequencing problem. As long as the job times are not all identical, different sequences 
will exhibit different scheduling-related properties. These differences lead us to specify 
a measure of effectiveness, or  objective , which allows us to compare sequences and 
ultimately find the best one. In our example, the objective is the sum of four completion 
times. If we had  n  jobs, we could write the objective as  C  

1
  +  C  

2
  + … +  C   

n
  , where  C

   i
   

represents the completion time of job  i  (or, equivalently, the delay time experienced by 
the corresponding customer). The usual practice is to adopt the shorthand Σ C  to represent 
the sum of the jobs’ completion times. 

 It is possible to generalize further and consider objectives that are more complicated 
functions of the completion times, but we shall look at that situation later. For now, an 
objective that consists of the sum of the completion times  adequately captures one of the 
most common scheduling concerns—the response times experienced by a set of customers. 

 Thus, the sequencing problem starts with given information ( n  and the  t   
i  
-values) 

and identifies an objective. The decision problem is then to choose the best sequence. 
In our example, we can find the best sequence by listing every possible sequence and 
for each one, calculating the sum of completion times. The list of possible sequences 
(along with the objective value for each one) is shown in Exhibit 1.2. 

Objective

1 2 3 4 47
1 2 4 3 45
1 3 2 4 54
1 3 4 2 59
1 4 2 3 50
1 4 3 2 57
2 1 3 4 45
2 1 4 3 43
2 3 1 4 50
2 3 4 1 53
2 4 1 3 46
2 4 3 1 51
3 1 2 4 59
3 1 4 2 64
3 2 1 4 57
3 2 4 1 60
3 4 1 2 67
3 4 2 1 65
4 1 2 3 53
4 1 3 2 60
4 2 1 3 51
4 2 3 1 56
4 3 1 2 65
4 3 2 1 63

Sequence

Exhibit 1.2



4 K.R. Baker

 By comparing all twenty-four sequences, we can verify that the best sequence in 
our example is 2-1-4-3, with an objective of 43. 

 In general, we could imagine writing down all of the possible sequences and then 
computing the objective for each one, eventually identifying the best value. However, 
before we set out on such a task, we should take a moment to anticipate how much 
work we are taking on. The number of possible sequences is easy to count: there are 
 n  possibilities for choosing the first job in sequence, for each choice there are ( n  – 1) 
possibilities for the second job in sequence, then ( n  – 2) possibilities for the third job, 
and so on. The total number of sequences is therefore ( n ) × ( n  – 1) × ( n  – 2) ×...  ×  
(2) × (1) =  n ! In our example, this came to 4! = 24 possible sequences, as listed in 
Exhibit 1.2. In general, if  n  were, say, 20, or perhaps 30, listing all the possibilities 
might become too tedious to do by hand and even too time-consuming to do with the 
aid of a computer. We should like to have a better way of finding the best sequence, 
because listing all the possibilities will not always be practical. Besides, listing all the 
possibilities amounts to no more than a “brute force” method of solving the problem. 
We would much prefer to develop some general insight about the nature of the prob-
lem and then apply that insight in order to produce a solution      

  Pairwise Interchanges and Shortest-First Priority 

  We can often learn a lot about solving a sequencing problem from a simple interchange 
mechanism: take two adjacent jobs somewhere in a given sequence and swap them; then 
determine whether the swap led to an improvement. If it did, keep the new sequence and 
try another swap; if not, just go back to the original sequence and try a different swap. 

  Building Intuition  Sequencing jobs using Shortest Processing Time rule 
(shortest job first)  minimizes not only the sum of completion times but also 
minimizes average  completion time, maximizes the number of jobs that can 
be completed by a pre-specified deadline, minimizes the sum (and average) of 
wait times, and minimizes the average inventory in the system. Although the 
delay criterion and the inventory criterion may appear to be quite different, 
they are actually different sides of the same coin: both are optimized by SPT 
sequencing. Thus, whether a manager focuses on customer delays or on 
unfinished work in progress, or tries to focus on both at once, shortest-first 
sequencing is a good idea.

When jobs have different priorities or inventory costs, the job time must 
be divided by the weight of the job where the weight may represent priority 
or cost. These weighted times can then be used to arrange the jobs.

For all these problems suppose we start with any sequence and swap two 
adjacent jobs if it leads to improvement. Performing all adjacent pairwise 
interchanges (APIs) will always lead us to the optimal sequence. 
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 Let us illustrate this mechanism with our example. Suppose we start with the 
sequence 1-3-2-4, with an objective of 54. Try swapping the first two jobs in 
sequence, yielding the sequence 3-1-2-4, which has an objective of 59. In other 
words, the swap made things worse, so we go back to the previous sequence and 
swap the second and third jobs in sequence. This swap yields the sequence 1-2-3-4, 
with an objective of 47. This time, the swap improved the objective, so we’ll keep 
the sequence. Returning to the beginning of the sequence (because the first pair of 
jobs has been altered), we again try swapping the first two jobs, yielding the 
sequence 2-1-3-4, with an objective of 45. Now, we don’t have to revisit the first two 
jobs in sequence because we just confirmed that they appear in a desirable order. 
Next, we go to the second and third jobs; they, too, appear in a desirable order. Next, 
we go to the third and fourth jobs, where the swap yields 2-1-4-3, with an objective 
of 43. From Exhibit 1.2 we recognize this sequence as the optimal one. 

 Testing the interchange (“swap”) of two adjacent jobs, to see whether an  improvement 
results, gives us a mechanism to start with any sequence and to look for improvements. 
Searching for improvements this way cannot leave us worse off, because we can always 
revert to the previous sequence if the swap does not lead to an improvement. In our 
example, a series of adjacent pairwise interchanges led us to an optimal sequence; 
moreover, we evaluated fewer sequences than were necessary with the “complete 
 enumeration” approach of Exhibit 1.2 In general, we might wonder whether adjacent 
pairwise interchanges (APIs) will always lead us to the optimal sequence. 

   APIs in General  

 Imagine that we have a sequence on hand that contains  n  jobs. Somewhere, possibly 
in the middle of that sequence, is a pair of jobs,  j  and  k , with  k  following  immediately 
after  j . Suppose we swap jobs  j  and  k  and trace the consequences in general terms. 
See Exhibit 1.3 for a display of the swap. 

 Let S denote the original sequence on hand, and let S’ refer to the sequence after 
the swap is made. When we write  C

   i  
(S), we refer to the completion time of job  i  in 

S

B
Cj(S)

Ck(S�)

Ck(S)

Cj(S�)

S'

B

earlier jobs

k j later jobsearlier jobs

kj later jobs

Exhibit 1.3



6 K.R. Baker

schedule S, and when we write Σ  C (S), we refer to the sum of completion times 
in schedule S. Note that swapping adjacent jobs  j  and  k  does not affect the completion 
of any other jobs, so we can write  B  to represent the completion time of the job 
immediately before  j  in schedule S, and we can write  C  to represent the sum of the 
completion times of all jobs other than  j  and  k . Note that  B  and  C  are unchanged by 
the swap. Referring to Exhibit 1.3, we find that 

   ΣC(S) = C+C
j
(S) + C

k
(S) = C+(B+t

j
) + (B+t

j
+t

k
), and   

   ΣC(S') = C+C
j
(S') + C

k
(S') = C+(B+t

k
+t

j
) + (B+t

k
).    

 Then the difference between the two objectives becomes:

   ∆=ΣC(S') – ΣC(S') = t
j
 – t

k
.    

 Since ∆ > 0 if the swap improves the objective, it follows that there will be an 
improvement whenever  t   

k
   <  t

   j
  . In other words, the swap improves the objective if it 

places the shorter job first. 
 The implication of this result is far reaching. If we were to encounter  any  

sequence in which we could find an adjacent pair of jobs with the longer job first, 
we could swap the two jobs and thereby create a sequence with a smaller value of Σ C . 
Thus, the only sequence in which improvement is not possible would be a sequence 
in which the first job in any adjacent pair is shorter (or at least no longer) than the 
following job. In other words, the optimal sequence is one that processes the jobs 
in the order of Shortest Processing Time, or SPT. 

  Property 1-1.   When the objective is the sum of completion times, the minimum 
value is achieved by sequencing the jobs in the order of Shortest Processing Time.  

 This property articulates the virtue of shortest-first sequencing. For any set of  n  
jobs, shortest-first priority leads to a sequence that minimizes the value of Σ C . 
Thus, whenever the quality of a sequence is measured by the sum of completion 
times, we can be sure that the appropriate sequencing rule is  shortest first . 

 Armed with Property 1-1, we can easily find the optimal sequence for our exam-
ple. Arranging the jobs in shortest-first order, we can immediately construct the 
sequence 2-1-4-3 and then calculate the corresponding sum of completion times as 
43. There is no need to enumerate all 24 sequences, as we did in Exhibit 1.2, nor is 
there even a need to choose an arbitrary schedule and begin applying pairwise inter-
changes in search of improvements, as illustrated in Exhibit 1.3. The power of 
Property 1-1 is that we can avoid searching and improvement efforts and construct 
the optimal sequence directly.   

  Other Properties of SPT 

  Recall that a sequencing problem is defined by a set of jobs and their processing 
times, along with an objective. The choice of objective is a key step in specifying 
the problem, and the use of the sum of completion times may sound specialized. 
However, SPT is optimal for other measures as well. 
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 First, note that Property 1-1 applies to the objective of the average completion 
time. The average would be computed by dividing the sum of completion times by 
the (given) number of jobs. In our example, that would mean dividing by 4, 
 yielding an optimal average of 10.75; in general, that would mean dividing by the 
constant  n . Therefore, whether we believe that the  sum  of the completion times or 
the  average  of the completion times more accurately captures the measurement of 
schedule effectiveness, there is no difference when it comes to the sequencing 
decision: SPT is optimal. 

 Second, consider the objective of completing as many jobs as possible by a 
 pre-specified deadline. No matter what deadline is specified, SPT sequencing  maximizes 
the number of jobs completed by that time. This might not be surprising to anyone 
who has tried to squeeze as many different tasks as possible into a finite amount of 
time. Choosing the small tasks obviously works better than choosing the large 
tasks, if our objective is to complete as many as possible. Taking this observation 
to its limit, it follows that a shortest-first sequence maximizes the number of tasks 
completed. 

 Next, consider the completion time as a measure of the delay experienced by 
an individual customer. We could argue that the total delay has two parts: the wait 
for work to start and the time of the actual work itself. The processing time is a 
function of the order requested by the customer and is therefore likely to be under 
the customer’s control. The wait until work starts depends on the sequence 
chosen. Thus, we might prefer to take as an objective the sum of the wait times. 
Although this seems at first glance to be a different problem, it is not hard to see 
that SPT is optimal for the sum of the wait times (and the average of the wait 
times) as well. 

 Finally, consider a scheduling objective oriented not to the delays experienced 
by customers but rather to the number of jobs waiting in the system at any time. Let 
 N ( t ) represent the number of jobs in process (not yet completed) at time  t . If we 

N(t )

n
(n-1)

(n-2)

2
1

t

Exhibit 1.4
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were to draw a graph of the function  N ( t ), it would resemble the stair-step form of 
Exhibit 1.4. 

 Now suppose that the jobs are sequenced in numerical order (1, 2, …,  n ) as in 
Exhibit 1.4. The function  N ( t ) is level at a height of  n  for a time interval equal to 
the processing time of the first job, or  t  

1
 . Then the function drops to ( n  – 1) and 

remains level there for a time interval of  t  
2
 . Then the function drops to ( n  – 2) and 

continues in this fashion, until it eventually drops to zero at time Σ  t   
k
  . In fact, any 

sequence leads to a graph that starts out level at a height of  n  and eventually drops 
to zero at time Σ  t   

k
  . However, a desirable sequence would be one that tends to keep 

 N ( t ) relatively low. To create a specific objective for this goal, we form the  time 
average  of the function  N ( t ), which we can think of as the average inventory. That 
is, we weight each value of  N ( t ) by the time this value persists, the values of  N ( t ) 
being  n , ( n  – 1), ( n  – 2), …, 2, 1. In this fashion, we form a weighted sum composed 
of the following pairwise products: 

    n × [length of time N(t) = n]   

   (n–1) × [length of time N(t) = (n–1]   

   (n–2) × [length of time N(t) = (n–2)]   

  ...   

   2 × [length of time N(t) = 2]   

   1 × [length of time N(t)=1].    

 The first of these products is the area of the vertical strip in Exhibit 1.4 corre-
sponding to the length of time that there are  n  jobs in the system. The next product 
is the area corresponding to the length of time that there are ( n  – 1) jobs in the sys-
tem, and so on. When we sum all the pairwise products (i.e., the areas of the vertical 
strips), we obtain the area under the graph of the  N ( t ) function. Then we divide this 
sum-of-products by the total time required by the schedule, or Σ t   

i
  , in order to pro-

duce the average inventory. 
 It is not difficult to show that the area under the graph, and therefore the aver-

age inventory, is minimized by SPT. Perhaps the quickest way to see this result is 
to use the API illustrated in Exhibit 1-3. Suppose that the completion of the “ear-
lier jobs” in the exhibit leaves  J  jobs in inventory. In schedule S, that leaves  J  jobs 
during the processing of job  j  and ( J  – 1) jobs during the processing of job  k . In 
schedule S’, these numbers are reversed. Now let  A  represent the contribution of 
the earlier and later jobs to the area under the graph. (This contribution is unaf-
fected by the interchange of jobs  j  and  k .) Then we can write: 

   Area(S) = A + Jt
j
 + (J–1)t

k
,   and


