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And one might therefore say
of me that in this book, I
have only made up a bunch
of other people’s flowers and
that of my own I have only
provided the string that ties
them together.

(Book III, Chapter XVI
of Physiognomy)
Signeur de Montaigne
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PREFACE

This monograph is centered around a simple and beautiful observation of
J.L. Walsh, in 1932, that if a function is analytic in a disc of radius p (p > 1)
but not in |z| < p, then the difference between the Lagrange interpolant to it
in the n'" roots of unity and the partial sums of degree n — 1 of the Taylor
series about the origin, tends to zero in a larger disc of radius p?, although both
operators converge to f(z) only for |z| < p. This result was stated by Walsh
in 1932 in a short paper [304] and proved in [87]. A precise formulation of this
interesting result appears in 1935 in the first edition of his book Interpolation
and Approzimation by Rational Functions in the Complex Domain [88, p. 153]).

One of the reasons why this result of Walsh was not noticed until 1980 seems
to be that it is sharp in the sense that if 2 = p?, then there exists a function f(z)
analytic in |z| < p, for which the difference, between its Lagrange interpolant
on the n'" roots of unity and the partial sum of degree n — 1 of its Taylor
series about the origin, does not tend to zero for z = p?. The function which
provides this phenomenon is p—iz. In 1980 a paper authored by A.S. Cavaretta,
A. Sharma and R.S. Varga [27] gives an extension of the above result in many

new directions.

The object of this monograph is to collect the various results stemming from
this theorem of Walsh which have appeared in the literature, and to give as
well some new results. The first work which gave publicity to this subject was
a paper by R.S. Varga [82] which appeared in 1982 and later a survey paper
by A. Sharma [72] in 1986. T.J. Rivlin, E.B. Saff and R.S. Varga (all students
of Walsh) made significant contributions to extend this result. New directions
were due to V. Totik [85], K. Ivanov and A. Sharma [43], J. Szabados [80],
Lou Yuanren [202], M.P. Stojanova [76], A. Jakimovski and A. Sharma [48] and
others.

T.J. Rivlin in his brief comment on the above result in the selected papers
of Walsh, says that “..by the mid nineties the interest in this theorem had
almost disappeared. The result was probably about 200 published papers”.

xi



xii WALSH EQUICONVERGENCE OF COMPLEX INTERPOLATING . . .

This comment encouraged us to write this monograph and to present a unified
presentation of the significant results and extensions of this theorem along with
a complete bibliography. (How T.J. Rivlin arrived at the figure of about 200
published papers is not clear to us.)

This book is easily accessible to students who have had a course in complex
variables and have gone, for example, through the book Theory of Approzima-
tion by P.J. Davis, or the book Approzimation of Functions by G.G. Lorentz.
Our book is divided into 12 chapters. Chapter 1 begins with elementary results
on Lagrange interpolation to functions defined on |z| < p and gives a proof
of the Theorem of Walsh which is the object of the present study. Chapter 2
deals with an extension of Walsh’s theorem to Hermite interpolation. Chapter
3 is concerned with an extension of Walsh’s theorem to rational functions with
given poles outside the circle |z| < p. Chapters 4 and 5 deal with sharpness and
converse results respectively. Chapter 6 is concerned with Padé approximation
and Walsh equiconvergence for meromorphic functions with a finite number of
given poles. Chapter 7 deals with quantitative results in the overconvergence
of meromorphic functions of Chapter 6. In Chapter 8, we turn to the study of
equiconvergence of Lagrange and Hermite interpolation for functions analytic
in an ellipse. In Chapter 9 we extend the Walsh equiconvergence by application
of methods of regular summability, which was initiated by R. Briick [16] and
continued by A. Jakimovski and A. Sharma [46]. Chapter 10 deals with Faber
expansions of analytic functions and extensions of Walsh equiconvergence results
for differences of approximation operators on Fejér and Faber nodes. Chapter

11 is concerned with corresponding results for equiconvergence on lemniscates.

We can never thank Prof. R.S. Varga enough for his kindness and constant
encouragement, advice and suggestions over several years. He has been kind
enough to go through the manuscript with constructive corrections and amend-

ments.

We are grateful to Prof. A.S. Cavaretta for his kindness and help by reading
part of this book with care and to Prof. M.G. de Bruin for his critical and
constructive help in Chapters 6 and 7. Without their help we could not complete
these chapters in their present forms.

A. Sharma is particularly grateful to his family for their encouragement and
patience with him during the preparation of this monograph. His son Raja
and his wife Sarla went “the extra mile” beyond their filial duties in caring for
him, and ungrudgingly endured his eccentricities. He records his gratefulness to
the Good Samaritan Society (Mount Pleasant Choice Center) for his care and
nursing during his illness while the work was in preparation.
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CHAPTER 1

LAGRANGE INTERPOLATION
AND WALSH EQUICONVERGENCE

1.1 Introduction

Let f(z) be a function analytic in an open domain D and continuous on the
boundary of this domain. Further let n be a positive integer, and 21, . .., 2, pair-
wise different points from D. We shall denote the (unique) Lagrange polynomial
interpolant, of degree at most n—1, of f(z) in these n zeros by L,,—1(f;2). With
the notation wy,(z) := [[,_;(z — 2x), this polynomial can be represented in the

form

L

1 t) — t

it i) = e [ SO 10
i Jo w(t) t—z

where C' may be any rectifiable Jordan curve in D containing the points 21, ...,

zn, and z in the interior of the domain bounded by C'. Indeed, this is a polynomial

of degree at most n — 1, and by Cauchy’s theorem

1 ft)

L7L—1(f7zk) - % Ct_zk

dt = f(z1), k=1,...,n.

The uniqueness of this interpolant follows from the fundamental theorem of
algebra: if there existed two different interpolating polynomials, then their dif-
ference, a polynomial of degree at most n — 1 not identically zero, would vanish
at n points, which is impossible. Most often in this book, we will be concerned
with the special case when the nodes of interpolation are the n'" roots of unity,
i.e., when w,(z) = 2™ — 1. In 1884, Méray gave a very instructive example of a
function whose Lagrange interpolant in the n*® roots of unity does not converge
to it anywhere except at the point 1. Thus if f(z) = 1/z then L,,_1(f;2) = 2" ~!
is the polynomial of degree n — 1 which interpolates f(z) in the zeros of 2™ — 1.
For |z| > 1, nlLrI;o 2"~! does not exist and for |z| < 1, nlLrI;O 2"~ =0, while
for |z| = 1, 2z # 1 it diverges so that L, _1(f;z) converges to f(z) = z~! only
at the point 1. The same applies to the case when f(z) = 27, k > 0. Even for
analytic functions in the closed unit circle |z| < 1, the condition

n
: 1
nlLH;o H |z — zk|™ = 2| for |z|>1 (1.0)
k=1
1



2 WALSH EQUICONVERGENCE OF COMPLEX INTERPOLATING . . .

must be satisfied for the nodes of interpolation zg, |zx| = 1, k = 1,...,n, in
order to have uniform convergence of the corresponding Lagrange interpolants
in |z| < 1. (For the roots of unity, this is obviously satisfied.) For functions

which are not analytic, we have the following theorem.

THEOREM 1. Let f(2) be defined and continuous (or R-integrable, i.e., Rie-
mann integrable) on the circumference of the unit circle T := {2z : |z| = 1}. If

L._1(f; z) is the Lagrange interpolant to f(z) in the zeros of z™ — 1, then

lim L,_1(f;2) = ! f() d

n— 00 27TZ T t—z

t, |z| <1, (1.1)
uniformly for |z| < § < 1.

PRrROOF. Denoting w,, = exp 2mi/n, the Lagrange interpolant has the fol-

lowing representation:
—wk)n

Loa(fi2) =) f(w) 7_1) (1.2)
k=1

Namely, this is indeed a polynomial of degree at most n — 1, since each w¥ is a

root of the polynomial 2z — 1. Moreover,

lim 5 =
z—»w,jL z— wn

n_q 0 ifj#k,
I if =k,

ie., Lyo_1(f;w)) = f(wl), 7 =1,...,n as stated. From the definition of the

Riemann integral, we have

Fym b [T g Ly Semen mun) g

2mi Jpt— 2z n—oo 2mi £~ wﬁ z

and

Z" — " wk(w, — k
lim [F(2) ~ Ly(f;2)] = lim [1,+ 11)]2 fwn — DS (wh)

n—o0 n—oo | 2mi  n(wy, — — wk — 2

Since lim n(w, —1) = 274, we see that for |z| < 1, we have (1.1). The uniform
n—oo

convergence for |z| < 0 < 1 is also clear from the last formula. OJ

If f(z) is analytic for |z| < 1 and continuous for |z| = 1, then f(z) = F(z).
In order to extend this result to other operators, we shall need the following
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LEMMA 1. Let f(z) be R-integrable on T and let L,,—1(f; z) be the Lagrange
interpolant to f on the zeros of 2™ — 1. Then, for any fized nonnegative integer

p
im (p) = p' 711(75) z
lim L,”,(f;2) = /r(t dt, [z <1 (1.4)

n—oo 2mi — z)ptl
the convergence being uniform for |z] < § < 1.

PROOF. Since

Lni(f;2) = Zf k)Zw”“z]

Differentiating the above p times with respect to z, we get

(p _n « (wp)wy,
L - Z (wk _ Z p+1
(1.5)
n P n—2 ¢ ¢
_Z f(wy,)w
z — k) _ S\
" ZO =R e
where (n)y =n(n—1)...(n—k -+ 1). We notice that
n—1
1 Swk)wh 1 £(t)
lim = _ SR, 2 S
S 2 ke e o

and that for any k > 0, |z|"n* — 0 uniformly for |2| <6 < 1 as n — oo. (1.4)
now follows from (1.5). O

If fU)(2) exists along T for j = 0,1,...,r — 1, we denote by h,,_1(f;z) the
polynomial of degree rn — 1 which satisfies the conditions:

p9) (Frwh) = fDwk), k=1,...n; j=0,1,...,r—1 (1.6)

Then we have

THEOREM 2. Let f~1(2) exist and be R-integrable along T. If hyn_1(f; 2)
is the Hermite interpolant to f satisfying (1.6), then

f)
dim R (fs 2 1 L.
im hen—1(f;2 =5 / dt |z] < (L.7)
and uniformly for |z] < 4§ < 1.

PrOOF. For r = 1, the theorem is the same as Theorem 1; so it is enough

to consider the case when r > 1. Set

hen-1(f32) = Ln-1(f; 2 +Z<1—z")7Pm<f,z> (1.8)

Jj=1
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where each P, ;(f;z) is a polynomial of degree < n — 1. Thus it is enough to
prove that

nli_)r{.loPn_,j(f;z) =0, j=1,....,7r—1, |z| <1
However we shall prove the stronger result that

lim P(f;2)=0, j=12...,r—1, £=01..., [s]<l (L9

n—oo

We use induction on j. First let j = 1. Differentiating (1.8) at z = wF, we

n’

obtain
w’ﬂh;n—l(f; ’UJE) = w’ﬂf/(wfi) = wnL’In—l(f; IUZ) - nPTl,l(f; w:)
(k=0,1,...,n—1)

whence we have

1
Poa(f;2) = — [2Lioa(f32) = Lu-a (2" 2)]- (1.10)
Differentiating this ¢ times gives
1
P(Fi2) = S LD (F2) L2, (f52) - L 52 (1)

so that by Lemma 1, we see that (1.9) holds for j = 1. Now suppose that (1.9)
has been proved for j, 1 < j <r — 2. From (1.8), we deduce

wGTORRUHY (£ k) = UTDRLEED (k) 4 (—1)7H (G 4 1)l T x
X P jy1(f;wk)
ANAE N (i+1-5)
& n\f I+1—s ok
e (111 G0 )P

(=1 s=¢
(k=0,1,...,n—1).

Because of (1.6), we obtain

S 1 o
(1 G+ DI Pja(f52) = WLn—l(szrlf(J+l)§ 2) = (= )”1L(]+1)(f;2)

S () e )fj(f)(—nt(m)s.

(=1 s=j t=1

Differentiating ¢ times, using the induction hypothesis and Lemma 1, we see
that (1.9) holds for j 4+ 1 and the proof is complete. O

If we set
rn—1

rn 1f7 Z’Ykz

then we can define the average of the partlal sums of h,,—1(f; z) and set

rn—1 J

rn 1f7 a Z nykz

7=0 k=0
In a similar fashion, one can establish
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THEOREM 3. Let f=1) exist along T' and be R-integrable on T'. Let
Arn—1(f; 2) be the average of the partial sums of the Hermite interpolant of f(z)
satisfying (1.6). Then

R0

2mi Ft_Z

lim A,.,_1(f;2) = dt,

for |z| <1 and uniformly for |z| <6 < 1.

PrROOF. By a change in the order of summation we see that
r—1
Arncr(F32) = 2L (£2) +2 3 (rm Ky = B (F12) = - 2hr o (F32)
9 n— ) ~ ) nr rn— )

Now we see from (1.8) that

r—1 r—1
ey (fi2) =2Ly_y(fi2) + 2D (1= 2" Py (fr2) —na" Y j(1— 2"~ x
k=0 j=1
X P j(f52)-
Thus, using Lemma 1 and

lim [hyp—1(f;2) = Ln-1(f;2)] =0, 2] <1

n—oo

(which follows from (1.8)-(1.9)), we see that

lim Ehlmfl(f; z) =0.

n—oo n

This, combined with Theorem 1 proves Theorem 3.

1.2. Least-Square Minimization

For m > n, let @Q,—1(f;2) denote the unique polynomial of degree < n — 1

which minimizes

m—1
Do fwh) = plwh)l?, wp =1, (2.1)
k=0

over all p(z) € mp_1. f m =n, Qn_1(f;2) is the Lagrange interpolant to f
at the n'™® roots of unity. If m > n, then it is easy to see that Q,_1(f;z2) is
obtained by truncating L,,_1(f;2). More precisely if

m—1 n—1

L’m—l(f; Z) = Z Ckzkv m>n then Q'n—l(f; Z) = Z Cuzya

k=0 v=0
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where
m—1

== Zf w; %, v=0,1,...,n—1. (2.2)

To see this, we first observe that from

1 Flwk) (™ — DHw*
m1f7 *Ez m) )

(= — wh)
it follows that the coefficient of z” in L,,—1(f;2) is given by (2.2). If we want

n—1
to minimize (2.1) and set p(z) = > p, 2", then in order to minimize

v=0

m—1 n—1 2
k kv
E wm) - E PrWp,
k=0 v=0

we need the orthogonality conditions

m—1 n—1
3 (Fwh) =S powt)w =0, p=0,1,...,n—1.
k=0 v=0

Simplifying, we see that

Fwk )w, it = Zopuzw”’“ "k = mp,

which proves that p,, = ¢, in (2.2) and proves the assertion. From (2.2) we can
see that

—

m—

k=0

1 = Fwh) (wht - wh)
Qn—1(f72)—m kZ:O wfn—z
n m—1 k —(n—-1)k
+ = f(wm)kwm =51+5
m = wk — 2

We notice that as n — oo
|S2| = O(Jz|") = 0(1) uniformly for |z| <d < 1.

Since m > n, and lim m(w,, — 1) = 27 we have proved

THEOREM 4. If f(z) is R-integrable on T and if Qn—1(f;z) is the unique

polynomial which minimizes (2.1), then

lim Qn_1(f;2) 27”/ SO dt lz] < 1 (2.3)

n—oo

uniformly for |z| < § < 1.

The above theorems have a corresponding analogue for Laurent development.
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THEOREM 5. Let f(z) be R-integrable on the unit circle T' and let Qp (%)
be the polynomial in z and % of degree n in each, which interpolates f(z) in the
zeros of 22" — 1. If Quon(2) = qu(2) + 0 (271), where

@(2)=ao+arz+---+a,2", rp(z7)=a_1z27 a0zt ta_,2 ",

then

: _ 1 f®)
Jim g (2) = 57 Jp 52 dt, [zl < 1

(2.4)

: -1y _ 1 Q)
Jim 7, (2 D= Jp 72 dt, |z >1.

The convergence is uniform in 3 < |z| <6 < 1.

If f(2) is analytic in an annulus p~! < |z| < p, p > 1 then the equations (2.4)
are valid respectively for |z| < p and for |z| > % and uniformly for |z2| < R < p

and |z > £ > % . Moreover

qn(2) +rn(z_1) — f(z) for % < |z| < p,

and uniformly in

1
— < < R<p.
R_IZI_ P

1.3. Functions Analytic in T, = {2 : |2| = p}

We shall now consider functions which are analytic in the disc of radius
p (p > 1) but not in T',. We shall denote this class of functions by A,. It is
known that if f(z) € A, and if

[ee]

f(z)= Z apz”

k=0

is the power-series expansion of f(z), then the right side converges in |z| < p
and
: 1/n 1
lim |a,|"/" ==
n—oo p

n—1
If we set p,_1(f;2) = 3. agz¥, the Taylor expansion of f then p,_;(f;2) con-
k=0
verges to f(z) for |z| < p, if f(z) € A,. Similarly L,,_1(f;z) (the Lagrange
interpolant to f on the zeros of 2z — 1) also converges to f(z) only for |z| < p.
However the difference of L,,_1(f;2) and p,_1(f;2) converges to 0 for |z| < p?.
This beautiful observation is formulated as
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THEOREM 6. Let f(z) € A, (p > 1) and let L,_1(f;z) be the Lagrange
interpolant to f on the zeros of 2™ — 1. Then the sequence Ln_1(f;z) converges
geometrically to f(z) in any closed subdomain of |z| < p. Moreover if pn—1(f;2)
is the Taylor section of f(z) of degree n — 1, then

lim [Ly,1(f;2) = pn-1(f32)] = 0, (3.1)

n—oo

geometrically for any closed subdoamin of |z| < p?.

PROOF. Since f(z) = 27” fFR t(t) dt where R < p, and since
L[ fen =)
n b am AN‘r N\ dt?
1(f52) = 2m/ (tn —1)(t — 2)
we obtain
1 (" =1 f(?)
'Il I o N/, N dt, .
f(Z) 1(f ) 27TZ/1—\ (t"fl)(tfz) |Z|<R
We see from the above that
T n z
il f(2) ~ Lo (227 < 2

which proves the geometric convergence for closed subdomains of |z| < p (since
R < p was arbitrary). Similarly, we have
(" —=2")f(t)
Ly—1(f; n ; — 7 dt. 3.2

1fi#) = pna(fi2) = zmAme_n@_@ &2

Hence
- n o max{R, |z

limy oo [Ln—1(f; 2) = Pn—1(f; Z)‘l/ < 3%72‘”; R <p.

The result follows from this immediately. 0

The quantity p? is the best possible, in the sense that for any point z on
|z| = p?, there is a function f(z) € A, for which (3.1) does not hold. The

function f(z) = Zip is a natural example since in this case

Lnfl(f; Z) - pnfl(f; Z) = pn(pnpi_l)z(z o p)

when z = p?, and we see that this difference becomes 1/(p — p?) . Many exten-

sions of Theorem 6 have recently been given. We begin with a straightforward
extension. Let us set

Poo1i(fi2) =) akpnz®, §=0,1,2,... (3.3)
k=0

(o)
where the function f(z) € A, has the Taylor-series expansion Y axz*. We shall
0

prove below the following



LAGRANGE INTERPOLATION AND WALSH EQUICONVERGENCE 9
THEOREM 7. If f(2) € A, and if £ > 1 is any given integer, then

. 1/n
lim max |L,_1(f;2) — an 1,j f,Z)’ < ,3+1, p<p™ o (34)

n—00 [z <p

1 Moreover

i.e. the convergence is uniform and geometric for all |z] < p < p
the region |z| < p'*1 is best possible in the sense that for any point zy with
|z0| = p'TL, there exists a function fo(z) € Ag for which (3.4) does not hold for

zZ = Z0.

Thus if we take zg = p, and fo(z) = (p — 2)7L, then

_ pn —_ Zn
Pn-1,5(fo0,2) = W

and

(0" = )" — 1)
IERESE CEETArEE

7=0

It is easy to see that

1/n 1

{—1
lim mln ‘L_ 1 2) — _1.i(fo; 2 > ——>0.
S n—1(fo; 2) ]Z::Opn l,j(fO ) A

PROOF. As in the proof of Theorem 6, we can express the difference on the

left in (3.4) as a contour integral

1 fOE" —2")
2 ) G (3.5)

For [t| = R and for all |z| < pu < R < p*! (1> p), we have

T — m n n

e i et
t—=z R—pu

so that the above integral is bounded above in modulus by

MR(u" + R™)
(R = (R = 1)R™

where M := max.er, | f(2)|. Taking n*! roots we see that

1/n

— [
llmn—>oo ll'gg)i Ln 1 f7 an 1,5 f7 < RO+
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which proves the desired uniform and geometric convergence of (2.3). ]

On letting ¢ — oo in (3.4), we see that

Lua(f;2) =Y po-1,(f32)
=0

n—1
which shows that if L,,_1(f;z) = > ¢,2¥, then, it can be verified that
v=0

oo
Cy = § Ay4xn-
A=0

In Theorems 6 and 7, we compared two processes of interpolation each of which
separately converges to f(z) only for |z| < p, while their difference converges to
zero in a larger region. In view of this, the above phenomenon is often termed as
“overconvergence” or “equiconvergence.” It is natural to ask whether the Taylor
polynomial p,,—1(f; z) can be replaced by the polynomial p,,—1(f; z) which is the
polynomial of best uniform approximation to f(z)in |z| < 1. If fy(2) = (p—2) 7},

then

pn—l _ Zn—l Zn—l

= +
(p=z)p"t  (p*=1)p"?

ﬁn—l(fo;z)
for all n > 2. Then

pnfl _ anl B anl(pn72 _ 1)
(p—2z)(p" = 1)pn=t  (p" —1)(p* —1)p"~2

Ln_1(fo;2) — Pn—1(fo; 2) =

and 1
Pn—1(f0; 2) = pn-1(fo; 2) = 2o 1) (;) 1

which converges to zero only for |z| < p. If f(z) € A, and is also continuous
in D, := {2z : |2| < p}, it is natural to ask if this stronger hypothesis on the
function would make the equiconvergence region larger. The answer to this
question is given by

THEOREM 8. Let f(z) € A,NC(D,). Then for each positive integer £, we

have

n—oo

{—1
lim {Ln—l(f; Z) - an—l,j(ﬂ Z)} = 03 |Z| S PE_H»
=0

{+1

the convergence being uniform for all |z| < p*™1 and geometric for all |z| <r <

l+1
P
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PRrROOF. For any f(z) € A,NC(D,), let s,_1(f;z) be the polynomial of best
approximation to f from m,_1 on the circle D, = {z : |z| < p}. Then

Ena(f) = dnf |If —qlp, =If = su-1llp,

and it is known that lim F,,_1(f) = 0. From the linearity of the Lagrange and

Taylor polynomials, we have

£—1
n 1 f7 an 1,5 f7 :Ln—l(f_sn—l;z)_an—l,j(f_sn—ﬁz)»
j=0
so that from (3.4), we obtain for R < p

Froalfi) an 14(f32) Zm/ (&) = sna(f31)) - (" = 2") dt.

(t—2)(t" — 1)ein

This shows that

max
|z|<pttt

n(£+1)+Rn R
n 1 f7 an 1,J(f7 ‘7 (€+1( )(p)(Rn_l)RZ" .

Since the left side is independent of R, we get on letting R tend to p,

max
|z|<pttt

En_1(f)(1+p")
Ly f7 an 1,J(f7 ‘ = g(l _pfz)(l_pfn) :

But the right side tends to zero as n — oo, which proves the result. Uniform

and geometric convergence for |z| < r < p**! follows as in Theorem 7.

1.4. An extension of Walsh’s Theorem

We claim that the sum ,
-1
> pao1(fi2)
=0

n (3.3) (Theorem 7) is the Lagrange interpolant in the n*® roots of unity of the

n
polynomial pg,—1(f;2) = Y. axz®. This is easily seen since

{—1 n—1

{—1 n—1
Pen1(f32) =Y D ka2 =YY apan(2M = 1)2F
A=0 k=0 A=0 k=0
-1 n—1
k
T D akeanz
A k=0

=0
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so that
-1 n—1 -1
Lya(pen—1:2) = D> Y avran?® =D puoaa(f2).
A=0 k=0 A=0
With this simple observation, one can write the formula (3.3) in the equivalent
form
Jim [Lo1(f32) = Lo-1(p,, -, (f12):2)] =0 for |z < p. (4.1)

If we denote by L,_1(f;a, z) the Lagrange interpolant in the zeros of 2" — o™,
when «a # 0, and the Hermite interpolant of order n at 0 when o = 0, then (4.1)

is also equivalent to

lim [L,—1(f;1,2) = Ly—1(Len—1(£;0,2);1,2)] =0, [z] < p*t.

n—oo

This train of ideas amply justifies the following

THEOREM 9. Ifm=mm+¢q, s<I<landl=s +O(%) then for each
f(z) C A, and for each o, 5 € D, (o # [3), we have

nh_)rgo Azﬁn(f,z) = nli_)rrgo[Ln_l(f,a,z) — L1 (Lm-1(f,3,2),a,2)] =0 (4.2)

for |z| < o, where

o := p/ max ( (';‘) ('i')r“). (4.3)

More precisely, for any p with p < p < oo, we have
H

n— 00 g

lim {max [Ax7(f;2)[}'/" <
z€Dy, ’

Moreover if a, 3, m satisfy neither « = 8 = 0 nor o = " when m = rn,

then (4.3) is best possible in the sense that for any zo with |zg| = o, there is a

function fo € A, such that (4.2) fails to hold for fy at 2.

When =1, 8 =0 and m = ¢n, (4.2) yields Theorem 7.

Proor. Since o, 3 € D,, we may write

1 fEm —=m)
Lnat$ 09 = 5 | G g

In order to find a similar representation for Ln_l(Lm_l(f7 0, z),a,z), it is

tm— 2™
L,y (H7a,z>.

enough to evaluate
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Since m = rn + ¢, we have

tm _ Zm t7'n+q _ Z7'n+q

t—z t—=z
tnr_zrn tq_Zq
= — 94 " —
t—z t—=z
:tq‘ trn_zrn.tn_zn+zrn' t4 — 24
th — 2n t—=z t—=z

From this it is clear that the Lagrange interpolant of (™ — 2™)/(t — z) in the

zeros of 2™ — o™ will be given as below:

Ly 1| ———,a,z) =1t +a"™"- ,as g <n.
nl( t—z ) <t”—a”> t—z t—=z ¢

Hence

Lon1(f,a,z) = L/ M dt,

270 Jp, (t—2)(t" —am)
1 f() e —2m
L,y (Lm—l(f7 6az)aaaz) = o m[/n—l I ya, 2 | dt.
From this we obtain the representation
a,B 1

’ 27 Jp,
where

1 " — "™ " — 2" t1 — z4

. q . . ™
K(t2) = o — gonra [t m—an i—2 Y
th— 2" 1
th —a™ t—2z
ﬁrn+q —a™ . tn — n
= (trn+q _ I@rnJrq)(tn _ an) : t— 2
a™™ t? — 24
+ tnr+q _ ﬁrn-‘rq ’ t—z
Since
R —|2|* max(|]"*9,|a|™RY) o™ RI— |27

K(t < . . < R),
K(2)| < e g e g g (4 <)
it follows that (4.2) will be proved if

rn—+q ran q rn

o max(A R et

R7'n+q+n R7'7L+q
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where ¢ = sn + O(1). In other words taking the n'! roots of both sides above,
and letting n — oo, we see that (4.2) is proved if

2] < p/max(<|§|>r+s, (‘%')T) =0, and |2 < p/ <“;‘|>T/S = 0.

Since % < 1 and s < 1, we have

() e

so that 07 < ¢ and this completes the proof. [

COROLLARY. Letm=1rn+q, s <L <1and L= 3—5—0(%). If Prm(n) (f; 2)
denotes the polynomial of degree n — 1 which minimizes

[

m—

[f(Bwy,) = p(Bwy)®, B € D,,

k=

=}

over all polynomials p(z) € m,_1, then

. . 181\
pn,m(n)(faz)_sn—l(fvz) —0 fO’f‘ |Z| <p/ D

and the bound for |z| above is best possible in the same sense as in Theorem 9.

This corollary follows from Theorem 8 on taking o =0, 8 = 1.
1.5. Multivariate Extensions of Walsh’s Theorem

In the multivariate case the domain of analyticity of a function f(z), where
z=1(21,...,2m) € @™, can be defined in two different ways. One possibility is to

m
consider the ball, i.e., the set defined by Y |z;|? < p?. The other possibility is to
j=1

take the polydisc |z;| < p;, 7 =1,...,m. These two definitions lead to entirely
different theories, since there is no equivalence (i.e. holomorphic mapping)
between the ball and the polydisc. For our purposes, the setup based on a
polydisc is more suitable and convenient. We begin with some fundamental
definitions. Let

1<P1§P2§§pma p:(plap277p’rn)7 (51)

we remark that the ordering in (5.1) can be achieved, without loss of generality,
by simply renumbering the components of p. Then, denote by A(p) the set of

functions analytic in the polydisc

D(p) :={z=(z1,...,2m) : |z]| <pjs 5=1,...,m}.
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where each such function has a singularity on each of the circles |z;| = pj,
j=1,...,m. (Here singularity may involve either poles or branchpoints on the

circle |z| = p.) The multivariate Cauchy formula

_ 1 f(t)
f(z) = i) /D ﬁ o dt, ze€ D(p) (5.2)

where the integration is taken over a polydisc D in D(p) which contains the point
z and, with dt := dty ...dt,,, is valid for all f(2) € A(p). Let ' denote set of
all complex polynomials p(z) of m variables which are of degree at most n in
each of the variables z;, j = 1,..., m. (This set differs from the usual definition
of a polynomial of several variables, having degree at most n, which means that
the total degree of each term is at most n, but our definition here serves a more
useful purpose later.) The (n — 1) Taylor section of an f(z) € A(p) is then
defined as

$u1(2) = g [ SO T] gy (5.9

.:1

which, in the sense of the above definition, is an element of I']* ;

THEOREM 10. For any f(z) € A(p), the Taylor sections Sn—_1(f;2) of (5.3)

converge to f(z), uniformly and geometrically in each closed subset of D(p).

ProOF. We have from (5.2) and (5.3) that

1) = Suafi2) = g [ LTI )

Pl —2) = 3
j=1
Here,
2 n
‘1— <1——)‘_C max |2| —0 as n— o0
t" 1<i<m | t;
in any closed subset of D, and this proves the theorem. (I

We now turn to the definition of the interpolation operator. The problem
of interpolation in the multivariate case is more difficult (in general, existence
and uniqueness are not guaranteed), but, with our definition of the set I'"", the

situation simplifies. Consider the polynomial

'(L n

Lualf2) = o [ S]] —t])dter (5.4

Jj=1
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where Ly, (f;2z) € T, for any f(z) € A(p). As usual, let w be a primitive
n'™ root of unity. From the representation (5.4) we can see that, at the points
z=(wh, ..., wh") where 0 < k; <n—1,j=1,...,m, are arbitrary integers,
the polynomial (5.4) has the same values as f(z). It will follow from the next
lemma that this interpolation polynomial L,_1(f;2) is uniquely determined

LEMMA 2. If p(z) € T2 has n™ different roots z = (21, ..., %n) such that
each z; takes n different values, then p(z) = 0.

PROOF. We use induction on m. For m = 1, the statement follows from the
fundamental theorem of algebra. Assume it is true for m — 1, and represent p(2)

in the form

n—1
pz) = Zhpr(z") (5.5)

k=0
where 2* = (z9,...,2,) € €™ ! and py(2*) € T7"!. Fixing an arbitrary 2* =
(23, -+, 2,) where 2%, j = 2,...,m — 1, are coordinates of the roots of p(z),

then according to our assumption (5.5) vanishes for n different values of z;. But
then
pr(2)=0, k=0,...,n—1.

Here, by our assumption, z* takes n™ ! different values, and thus, by the
induction hypothesis, the p; are identically zero for k¥ = 0,...,n — 1. This
proves the statement for m. O

Since the interpolation points for the polynomial (5.4) satisfy the condition
of Lemma 2, L,_1(f,#) is uniquely determined. The uniform convergence of
L,_1(f,2) to f(2) in every closed subset of D(p) will follow from Theorem 10
and the following overconvergence theorem:

THEOREM 11. We have

_ 1 .
lim |Ln71(f7z) - Snfl(f7z)|1/n S - H @ (56)
n—00 P1 |25 >0 Pj

for all f(z) € A(p) and z € ™. (Here, the empty product is defined as unity.)

REMARKS. 1. In particular if 2 € D(p), then, as the product is unity in
(5.6), the right hand side of (5.6) is 1/p; < 1 which, coupled with Theorem 10,
yields the uniform convergence of L, _1(f;2) to f(2).

2. If 2
zZ5
II = <o (5.7)

P
lzi1>p; 7
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then we have the overconvergence of the difference L, 1 — S,,_1. Condition
(5.7) gives an intrinsic relation between the coordinates z1, ..., z,. The larger
we choose some |z;|’s, the smaller we have to make the remaining |z;|’s. In order
to see more clearly how this works, consider the special case p1 = -+ = py, := p.
Then note that (5.7) allows us to select either

1 .
‘Zj|<p1+m, ]:13"'7ma
or
21l = = lemaal = p |em| <%

In the first case, one has overconvergence in each coordinates (but with a smaller
radius), while the second case gives no overconvergence in m — 1 variables, but
optimal overconvergence in the final coordinate. Of course, other choices are

also possible.
PROOF OF THEOREM 11. Equations (5.3) and (5.4) imply

An-1(f;2) = Ly l(fv = Sn— l(fv )

g m m
2m /f t-(thl—linti)dt'

J =17 j=1 i (5.8)

Here,

1
(or =) Ty~ )"

where £ > 0 is an arbitrary small fixed number. Thus, we obtain from (5.8)
that

n

m
Zl max(|z;], pj — €)
=

(m -1 —¢)

Jj=1

An—l(t; Z) =0

ie.,

T A, (fia)s —— [ 2L
n—o0 p1—¢ pj—¢
|zj|>pj—e

whence, the statement of the theorem follows, since £ > 0 was arbitrary. (I
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The estimate in (5.6) of Theorem 11 is sharp in the following sense. Consider
the function

= € A(p).
1;[ —y (p)
Evidently
n 1 an H )
j=1 1 - p] (Z] )
and from (5.3)
n 1 f07 .
1:[ (pj - ZJ)
Thus
m Z‘;l _ p;l m m
st = 1T 222 (1] - 11 5)
j=1 P T A NG Py~ j=1
o 0( : )
i (== Ny P

whence by (5.1)

I |A,(fz)r =TT B

0
lzj|>p; 7

Thus for some functions in A(p), the result of (5.6) is sharp. However, we can
ask for the following stronger version of sharpness: is it true that

Fn max A, (fi2)]/ = — [ 2

n—oo — s
[zl = ri3e; P

for any r; > 0,7 =1,...,m and f(z) € A(p)? The answer to this question is
no, and this is in sharp contrast to the univariate case (cf. Chapter 4). This

can be seen from the following example.

ExXAMPLE. Let m =2, 1 < p; < p2, and consider the function

> (2)" <)

k=0 P

Sk-,

fi(z) = i (i)
k=0

P1

We shall examine the overconvergence case of |z1| = 11 > p1, |22] = 12 > pa.
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Formula (5.8) in this case gives

An_i1(fi32) = / fi(#) H _tt;n |:ln

+O((pl —16)2” " s 16)”)}#

kn—1 k 1

e LIS 7S e

k=0 Y
L0 < T1ir2 + rir2 >n
(p1—€)3(p2—¢)  (p1—¢)(p2 —€)?
235 22\3" rire \ "
_ 1
2 2 G e (GR))
n<3k<2n—1 Pi 3k<n—1

provided € > 0 is small enough. Now, assume that the integers \,, pu, satisfy
3¢ < 2n < 30Tl and  3Hn < < 3L (5.9)

Evidently, in the sum ), 45, _; above there is at most one term (for k = A, ;

otherwise it may be empty). Then we can write

3An—n gun n

T T r172
A1 (fr1:2) =0 1o—2— +0<( ) ) 5.10
(A1 (f152)] paTes o (5.10)

By (5.9), pin < An — 1, and therefore 3#» < 3M—1 < %”, whence
T%An*"{rgun _ TITS/S <<7’1T2 )TL)
< =of | == .
PP p3 pps)” P2

Thus, (5.10) yields
172 "
A, 1(f32) =0l | =— ,
[An1(f1:2) <<P202> )

i.e., for this function the error estimate in case r1 > py, ro > po is indeed better

than the one provided by Theorem 11.

If we iterate interpolation operators and Taylor series, we can obtain different
types of overconvergence results. (For a detailed account on this subject in the
univariate case, see Ch. 2.) Here we restrict ourselves to one particular case.
Instead of the interpolating polynomial (5.4), let us introduce the operator

m —tn
Ly 1(f;e;2): 2m /f E -—a”)(z] t)dtan o (5.11)




20 WALSH EQUICONVERGENCE OF COMPLEX INTERPOLATING . . .

where o = (av1,...,am) € D(p), o; > 0,5 = 1,...,m, for any f(z) € A(p).
(5.11) interpolates f at the points z = (aw™, ..., aywh™), where 0 < k; <
n—1, j =1,...,m, are arbitrary integers. This polynomial, just like (5.4), is

uniquely determined. Using also the notation (5.3), we now state

THEOREM 12. If A > 1 is a fixed integer, then we have

A m
. n o Z;
limsup |Ln—1(f — San—1(f);@;2)["/™ < max (;) . I | %
J j=1 J

for any f € A(p) and any z = (21,...,2m).

The result shows that we have convergence if

_ o] AT
Jj=1 maxi<;j<m |5+
In particular, if 0 < a3 = -+ = aym = a < p1 = -+ = p,, = p, then this
condition takes the form
p)\/m
Izjl < a)\/m*17 J= 1a , 1M,

i.e. we have overconvergence provided A > m.

PROOF OF THEOREM 12. (5.2), (5.3) and (5.11) yield

f(u)

1
Ln-1(f = Sn-1(f);;2) = (2m)2"/o o 11 (uy — 1)

j=1 J j=117J J
= f(w) p— x
(2mi)?™ Jp, Ds 31;[1 (7 —af)(uj —tj)(z — t))
J
< [1-]] L= )| dtdu,
j=1 j
where
Dlz{(tl,...,tm):|tj|:o¢j+5,j:1,...,m}
and

Dy ={(u1,...,um): |ujl=p;—¢c,j=1,...,m}



