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Part 111
Some Applications of Variational Methods

to Development of Continuum
Mechanics Models

In this part, the application of the variational approach to constructing the governing
equations will be considered for several areas of continuum mechanics. The first
two chapters are concerned with one of the most beautiful areas of solid mechan-
ics — the theory of elastic shells and beams. In a sense, this is a physical theory of
surfaces and curves in three-dimensional space. It is attractive by its exceptional
elegance, the profound relations with geometry and the astonishing diversity and
complexity of the behavior of the objects it describes. The extent of the book allows
us to discuss only the derivation of the classical and refned shell theories and the
classical beam theory from the three-dimensional elasticity theory, and a case when
the classical shell theory does not work: theory of hard-skin plates and shells. The
next chapter gives a review of stochastic variational problems. Then we turn to con-
sideration of homogenization, one of the central problems of continuum mechanics.
This is followed by several other examples of applications of variational methods to
construction of continuum models: shallow water theory, theory of heterogeneous
mixtures, a model of granular media and a turbulence model. The discussion of
each theory is concluded by constructing the governing equations, and the issues
related to the features of these equations are not discussed. The only exception is
the homogenization theory where we consider the exact solutions of the cell problem
which are found by means of the variational methods.
The chapters can be read independently.



Chapter 14
Theory of Elastic Plates and Shells

Consider the surface €) in three-dimensional space and, at each point on the surface,
erect a segment of length & directed along the normal to the surface; the centers
of the segments are on ). The segments cover some three-dimensional region, 1%
(Flg 14.1). If h is much smaller than the mmlmum curvature radius of the surface
€, R, and the characteristic size of the surface €}, L,

h<<1 h<<l
R L '

then an elastic body occupying the region V in its undeformed state is called an
clastic shell. If Q is a plane,i.e. R = oo, then there is only one small parameter, i /L.

One can expect that the deformation of the elastic shells can be approximately
described by functions which depend only on the two surface coordinates and time.
The problem of constructing the shell theory consists of the proper choice for these
functions, derivation of the governing equations for these functions and establish-
ing the link between the two-dimensional characteristics and the three-dimensional
stress state. These issues are addressed in this chapter. The last three sections of
the chapter are concerned with the theory of laminated plates and shells, and, in

h
€ Je
! 0
Fig. 14.1 Notation for shells
V.L. Berdichevsky, Variational Principles of Continuum Mechanics, 589
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590 14 Theory of Elastic Plates and Shells

particular, hard-skin plates and shells. In case of a hard skin an additional small
parameter, the ratio of elastic moduli of the core and the skin, comes into play and
changes the leading asymptotics. We begin with introduction of necessary facts from
theory of surfaces.

14.1 Preliminaries from Geometry of Surfaces

The surface tensors. Consider in three-dimensional space a two-dimensional sur-
face (), defined by the parametric equations

xt=rl(gY), (14.1)

where £ are the surface parameters and the small Greek indices «, 8, y, ... run
values 1, 2.

The parametric equations (14.1) contain more information than just the definition
of the surface because they distinguish the individual points on the surface marked
by the parameters £“. The specific choice of the parameters on the surface is not
essential, and it appears to be necessary to consider the invariance of all relationships
with respect to the transformation group of the surface coordinates, £¢ — £¢,

£ =g (&9). (14.2)
The vectors and tensors with respect to this group are called the surface vectors and

tensors, and the corresponding tensor indices the surface indices.

The tangent vectors and the metric tensor. The derivatives, r’, = 9r’/d&® , are the
components of two vectors in the observer’s frame, r{ and ré. The three-dimensional
vectors, r{ and ré, are tangential to the surface (). At the same time, for each fixed
index i, they form a surface vector with respect to index o.

The observer’s metrics, allowing one to measure distances in three-dimensional
space, induces the surface intrinsic metrics on (), which determines the distances
between the points of the surface: the squared distance, ds?, between the points &%
and &% + d&“,

ds? = gij (r' (€ +d&E*) — r' () (r/ (" + dE“) — 1/ (")) = gijrid&®r}de",
can be written as
ds? = a,pd€“dgP,
where the tensor
Aup = GijTLT7, (14.3)

is called the surface metric tensor or the first quadratic form of the surface.
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The contravariant components of the surface metric tensor, a®#, are introduced
as the solutions of the system of linear equations

a“‘sayﬁ = 83
According to (3.20),
19
0 = -4 (14.4)
a ddgp

where a is the determinant of the matrix ||aa,g ||
Using the space and the surface metrics, we can juggle the space and the surface
indices; for example, for r;, we have

o = gijrl, ¥ =a"Pri. (14.5)
The Levi-Civita tensor. The two-dimensional Levi-Civita tensor is defined as
Eqp = «/Eewe

with e,p being the two-dimensional Levi-Civita symbol (e;; =ex» =0, e;p =
—ea1 = 1). By definition, e,5 = /.
One can check that

1
Ea/[-j/ = ﬁeaﬁ.

e = g gPF

Note the identities
ePe,p =063, ePe,y =203 (14.6)
The normal vector. Consider a vector with the components

k af 7

Ja 2

Here ¢ is the three-dimensional Levi-Civita tensor (see Sect. 3.1).
The vector, n;, is orthogonal to the surface, since, due to (14.7),

nirl =0. (14.8)
Let us show that the vector n; has the unit length

g/nin; = 1. (14.9)

From (14.7) and (3.19),
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ij 1 ij k..l m..n
g ninj = 58 EikiT T €jmnly Ty =
k..l .m_ .n 1 2
= ; (8km&in — &kn&im) ¥ 1o ' Ty = ; (0111122 - 012) =1.

So, n; are the components of the unit vector normal to the surface () indeed. It
follows from (14.7) and (3.19) that

ne* = e"‘ﬂrgrg. (14.10)
Note also the relation

Sijkr‘f,"’],é =N;Eup- (14.11)

It can be obtained from the following reasoning. The scalar product of ¢; jkrof r’g with

r{ and ré is zero. Hence, for each fixed « and B, ¢; jkré r’g is proportional to n;, and
one can write

ERTLTE = Caphi. (14.12)

Tensor cog must be antisymmetric. Therefore, c,g = ce4p. Contracting (14.12) with
n;e*f and using (14.7), we obtain the value of ¢ : ¢ = 1.

The area element. The area element, dw, of the surface, (), is the area of the
infinitesimally small parallelogram with the sides, r{d&' and rid&. It is equal to
the length of the vector product of these two vectors, &7 d&'rid&>. The vector
product, according to (14.7), is equal to niﬁdéldéz. Since the normal vector, n;,
has the unit length,

do = Jadg'dg?. (14.13)

The surface in the initial state. Let the position of the surface () change with time
and be given by the functions x’ = r (€%, t). The position of the surface () at the
initial instant, #y, is denoted by Q and all the other quantities in the initial state will
be furnished with the symbol °. In particular,

; o o O
r' % ) =1 E%), i = aga  Gap =8 B
. . . loa [
a = det||dqp| , ao‘ﬁ=;° ) ni=—°8ijkrljr§,
adeg JE
Fra = gijF, P =a"Fip. (14.14)

The decomposition of Kronecker’s delta. The following identity holds:

rer? +n'n; =38 (14.15)
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In order to check that, it is sufficient to project (14.15) onto the tangent vectors and
the normal vector (contract (14.15) with ¢ and n/) and inspect that the resulting
equations are identities. '

The decomposition of Kronecker’s delta is used in constructing the projections
onto the tangent plane and the normal direction. For example, the vector with com-
ponents 7' can be represented by the sum of a vector tangent to the plane and a

normal vector,
i pisi i« Jop i ai i
I'=T6=Tryr; +T/njn" =T, +Tn',

where T¢ = T r is a surface vector, T"ré is the vector tangent to the surface (i.e.
T%n; = 0),and T = T/n; is a scalar. Similarly, the tensor of the second order
can be written as

Tii — T”g;’(g/ =T (rirg +n'ny) (rér,ﬁ + n-inz) =

= T*rir) + Tf'rin' + T5'rjn' + Tn'n/, (14.16)

where 7% = T} is the surface tensor, T® = THrfn;, T¢ = THnrf are
the surface vectors which coincide in the case of a symmetric tensor 79, and T =
T'n;n; is a scalar. The first term of the sum (14.16) “lies in the tangent plane” to
the surface in the sense that it is orthogonal to the normal vector with respect to both
indices, the second term is orthogonal to the normal vector with respect to index i,
the third term — with respect to index j, and the fourth term is “orthogonal to the
tangent plane” (its contraction with the tangent vectors is equal to zero).

The decomposition of Kronecker’s delta is also used in the decomposition of the
gradient along the tangent and the normal directions,

i=5<ji=(rjrf)‘—i—njn)i:r-"‘i—l—n— (14.17)
oxi T oxJ @i Yoxi Tt ogx ' on

! The decomposition of the Kronecker’s delta (14.15) uses the space metrics. Actually, such de-
composition does not need metrics and can be done without the use of the metric properties. Indeed,
consider on the surface () a vector field, rg, which is not tangent to () at any point. This means that
the determinant, r, of the matrix with the components 7, 7, and r; is not zero. Let us define three
vector fields g/, g2, g7 by the system of linear equations

rogl +rig; =8 (14.18)

Since r # 0, the solution of the system of equations (14.18) exists, and it is unique. Equation
(14.18) is the sought decomposition of the Kronecker’s delta. Note that vector gi3 is normal to () in
the sense that

giry =0.

. 1 or . 1 ; .
3 k —
&; r‘; = (;—aré_ ) r[; = (;eljkrljr2> l’é =0.

Indeed,
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Here 9/0n = n’/d/dx’is the derivative along the normal vector, while 9/0§% =
r49/9x/ is the derivative along the surface: for any function ¢ (xi) considered on
the surface, ¢ (x') = ¢ (r' (§%)) .

0 () or g0 e (€M) oL,
e o T e ari _agaw(r EM).

The decomposition of the Kronecker’s delta in terms of the initial state,

yields similar relations.

Two covariant derivatives. In the same coordinates system, £%, we have two met-
ric tensors, dqog and d.g. We introduce two Christoffel’s symbols: for the surface
metrics, dug,

1
Fr}x/ﬂ = ana (aa&ﬂ tapse — aaﬁ,zS) ) (14.19)
and the surface metrics, dqg,
N4 1 oyS (o o °
Tap = 5" (dasp + dpsa = daps) - (14.20)

The comma before a Greek index, «, denotes partial derivative with respect to £¢.
The corresponding covariant derivatives are denoted by the bar and the semicolon
in indices. For example, for a surface vector, 7%,

8T0’ A aTO( - A
n%:%_ﬁ+rilﬁT’ Tg‘;:ag—ﬂ-i-riﬂT,
for a surface tensor, Tyg,
0Top A A
Topy = P Loy Tup = Uy Tan
0Typ

P P
Topy = 9EY - FayTM‘ - FﬁVTO‘)"

and for a surface scalars, like 7 (£%) or n' (%),

i
ot

i i i
a0 n,a_nla_n

P i
Py =Ty =Tgu=r

One can show by direct inspection, using (14.19), that the covariant derivatives of
aqp Vanish:

aaﬂ‘y = 0, alaﬁ = 0,
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and, similarly,
Aapy =0, a% =o.
Besides,?
Eaply =0, el =0. (14.21)

Note the relation

L ava
aﬁ_ﬁaéa

which follows from (14.19) similarly to (4.80).

(14.22)

The second quadratic form of the surface. Denote by e; the basic vectors of Carte-
sian coordinates in three-dimensional space. Consider the increment of the tangent
vectors t, = r.e; when the point £ is shifted along the surface for d§“ :

dty =rl, 4e;dEP. (14.23)

The coefficients, ”é,, p» are symmetric with respect to «, f as the second partial
derivatives of the functions r’ (£%),

orl _ 0%ri (&)

i o

Tap = asﬂ - 8‘5“655.

Let us breakdown the vectors e, into their tangent and normal components by
means of (14.15):

e =e;8, =t,r] +n(en'). (14.24)
Substituting (14.24) into (14.23), we obtain
dty =Thst,d&" + bopdf” (n'e;) . (14.25)
Here

Tos =rapris bap=rggmi. (14.26)

2 Indeed, differentiating the identity, saﬁs“ﬁ = 2, we have
ePegpy + saﬂsf;ﬁ =0.

Since the covariant derivatives of the surface metric tensor are zero, e%eyg, = saﬁsf‘f . That

yields gP gqply = 0. The tensor, g4, , is antisymmetric over «, B. Therefore, the only non-zero
components have the indices,« = 1, 8 =2 and o = 2, B = 1. Hence, g/, = 0.
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The object, F(};ﬁ, introduced by (14.26); coincides with that of (14.19). Indeed,
from (14.19) and (14.3) we have

= Lo (20ra) | 20hr) o(in)

2 0EP g g

1 . . . . . .
_ _ V8 i . Lo i . R A | R
= 5a (r’aﬁr,g + Fial g5 A TlpaTis A TipTlsq — TasTip rmr’ﬂa) .

In the brackets the first and the third terms are equal while the second and last terms
cancel out as well as the fourth and fifth terms, and we arrive at (14.26);.

The object byg (14.26), can be written in terms of the covariant derivatives of the
tangent vectors,

r;‘ﬁ = r(i’ﬂ — Fgﬁri or r(i;ﬂ = ré’ﬂ — Fzﬂri (14.27)
Since, according to (14.8) and (14.27),
Faghi = Taphi = T gMis
we have
butﬂ = r(i,ﬁni = (ilﬂnl- = (i;ﬁni' (1428)
Formula (14.28) shows that b,g form the components of a surface tensor. They are
called the components of the second quadratic form of the surface. Tensor byg is
symmetric, because r,, p= rfaﬁ = rfﬂa. Using (14.8), the definition of beg (14.26),
can also be written as
bog = —ring. (14.29)
The derivatives of the tangent and normal vectors can be expressed in terms of
bug. To obtain such relations, we note that the three-dimensional vectors, rél p» are
directed along the normal vector to the surface: contracting (14.27) with the tangent
vectors, 7y,

TiyTag = TiyTup — Ay lag (14.30)
and using (14.26);, we see that the right hand side of (14.30) is zero. The magnitudes
of vectors, ry, g are determined by (14.28). Hence, for the derivatives of the tangent
vectors, we obtain

rr;lﬂ = r/gla = "|la,3 = bogn'. (14.31)

To find the derivatives of the normal vector, we note the relation

nin' =0, (14.32)
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which is obtained by differentiation of the equation, nint = 1, with respect to the
surface coordinates. Equation (14.32) means that the three-dimensional vectors, nfa,
are tangent to the surface, and hence can be presented as a sum of tangent vectors.
The coefficients of the sum can be obtained by projecting nfa on ré. From (14.29)
these coefficients are —b,g. Finally,

n'y=—blrj. (14.33)

Equation (14.33) can also be taken as the initial definition of the second quadratic
form. It shows that b are the measures of the rate of the normal vector when the
point is moving over the surface.

The key role of the two quadratic forms of the surface, a,g and b,g, in the sur-
face geometry is explained by the following statement: each surface is determined
uniquely (up to a rigid motion) by its quadratic forms, a.s and bug.

Curvatures. Consider the eigenvectors of the second quadratic form, i.e. the vectors
t* which are solutions of a system of linear equations,

bupt? = raupt”. (14.34)

In a generic case, there are two eigenvectors, f{ and ¢3, and two corresponding
eigenvalues, s and 2. The vectors ¢ and 5 determine the directions of principal
curvature. The corresponding eigenvalues are called the principle curvatures, and
their inverse, Ry = 1/ and R, = 1/, radii of curvature. The lines tangent to
the eigenvectors are called curvature lines. There is a special coordinate system the
coordinate lines of which are the curvature lines. The coordinates of this system are
called principal coordinates.
The two invariants of the second quadratic form,

H—lb“—l<i+i) P L B
- 2°¢ - 2\ R, R, a - det ||aa/g|| - R1R2’

are called the mean and the Gaussian curvature, respectively.

Compatibility conditions. The tensors, a.g and beg, are not independent because
their six components are expressed in terms of three functions, r’ (£%). Therefore,
there must be some compatibility relations linking these tensors. These relations are
the Codazzi equations:

bapy = bayip =0 (14.35)
and the Gauss equations:
Roapy = bopbay — boybag, (14.36)
where R; g, is the curvature tensor of the surface:

R _ 1 0asy 0dyp 0dsp day,
ceby = 5 \ggwgEhP | ggooEr  0E%9EY  0E°0EP )
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Fig. 14.2 Notation to the divergence theorem

The compatibility equations (14.35) and (14.36) are the equations containing only
dap, byp and their derivatives. Due to antisymmetry of (14.35) with respect to 3,
y and (14.36) with respect to o, « and B, y, there are two independent equations
(14.35) and one independent equation (14.36). So, there are three constraints for the
six components of the two quadratic forms of the surface.

Divergence theorem. Let v be a vector field tangent to the surface ). Denote its
surface components by v®. For the surface divergence, v}, the following divergence
theorem holds:

/vl";da)z /v"‘vads, (14.37)

Q 0

where V is the unit tangent vector to {) which is normal to the tangent vector T of
the curve d() (Fig. 14.2), v, are its surface components, s the arc length along ().
The analytical origin of (14.37) is the formula following from (14.22)

v s 1 a(Ja)

C=—4T¢ = — , 14.38
Ve 9E® + ap? ﬁ PR ( )
which yields
d (av*®
vpdo = %déldéz.

Therefore, the covariant formula (14.37) is equivalent to the usual statement for an
integral of divergence over a two-dimensional region.
14.2 Classical Shell Theory: Phenomenological Approach

It is natural to model the position of a thin elastic shell by a surface. Then the
key kinematic characteristics of the elastic shell are the functions x' = r' (§%, 1),
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defining the position of the surface at the instant 7. To obtain the dynamical equa-
tions of the shell theory we have to construct the action functional. Elastic energy
must depend on the functions r? (£%, ¢) in a very special way because energy does
not feel rigid motion. Therefore, we forewarn the construction of the action func-
tional by the description of the surface deformation measures.

Strain measures. As was mentioned, any surface, (), up to its rigid motion, is de-
termined by the first and second quadratic forms of the surface, a,p and b,g. Their

values in the initial state, Q, are denoted by d,p and l;o,ﬂ. Recall that

o

bug = Pl i, ', = —bEF,. (14.39)

The juggling of indices of l;aﬂ and other tensors in the initial state is done by means
of the metric tensor of the initial state, dqg. Juggling of indices in the deformed state,
if not otherwise stated, is done by means of the current metric tensor, dqg.

The tensors

1 .
Aaﬂ = E (aaﬁ — Lolaﬂ) and Baﬁ = baﬁ - baﬂ (1440)

characterize the surface deformation and can serve as the strain measures of the
surface.

The tensor Ayg is a measure of elongations of the surface; if A,g = 0, the dis-
tances between any two points of the surface measured along the surface do not
change. The tensor B,g is a measure of bending.

To appreciate better the role of Byg as a bending measure, note that a plane can
be deformed in a cylindrical surface without change of the lengths of any line on the
surface. For such deformation, A,s = 0. The only indicator of the deformation oc-
curred is the tensor B,g. Deformations for which A,g = 0 are called pure bending.
Juggling the indices in A,g and B,g and other strain measures, encountered further,
is done by means of the metric tensor of the initial state, dqg.

Energy. It is natural to assume that kinetic and free energies of the shell possess the
surface densities, i.e. they can be written as the surface integrals

IC:/ch‘Z), F:/q)dd),
o] a

do being an area element of Q.
In classical shell theory kinetic and free energies are considered as functionals of
the position vector of the surface, ' (£%, ¢) . One assumes that

1_;
K = Epr,;”i,z,
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0 being the surface mass density, while ® is a function of the strain and bending
measures:

D = D (Aup, Bup) -

Variational principle. First let no external forces act on the shell. Then the action
functional for an elastic shell is

1(r' g%, 1) =ff(%prflr,,, —qa(Aaﬁ,Baﬁ)) déds. (14.41)

b O

The true motion of the shell is a stationary point of the functional (14.41) on a set
of all functions 7 (£%, t) with given initial and final values,

FEY 1) = FEY), rE ) = (EY),

and, possibly, some boundary values. Consider a typical setting of the kinematic
boundary constraints.

Kinematic boundary conditions. If the dependence of ®@ on A,z and Bgg is not de-
generated, one can show that free energy, F, “feels” (see Sect. 5.5) the change of the
values of r’ and n' at the boundary. Therefore, the kinematic boundary conditions
include an assigning of ¥ and n’ on a part of the boundary, I, of the surface €):

r'=rly, n'=nl, onl,. (14.42)
The index u in I, emphasizes that on I, the displacements of the shell,
u'=riE D = 'Y 1),
are known.
Among the six boundary conditions (14.42), only four conditions are indepen-

dent. Indeed, let o be a parameter on the curve I'y, and £&* = &% (o) are the para-
metric equations of I',. Then equation (14.42); can be written as

r(, £ (o) = 1y (1, 0).
It determines a space curve, ', given by the parametric equation
xi= r{b) (t,0).
The normal vector to the surface, n’, must be orthogonal to I, and therefore the

prescribed boundary values of the normal vector, néb) (t,0), must obey the two
equations
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Br(ib) (t,0) _

Py , Ny = 1,

i)

which leave only one independent constraint (14.42),.

Variations of characteristics of the surface. To derive the governing equations of
the shell theory we first need to find the variations of the geometrical characteris-
tics of the deformed surface. Let functions 7’ (£%, t) acquire infinitesimally small
increments, §r'. Varying (14.3), we get?

Saup = riq (5r") 5 + (@ < B). (14.43)

It is taken into account that 7, = (Sri) ,, due to the permutability of the operators
6 and 9/9&%.

If the projections of the vector, §r, on the normal and the tangent vectors are
used,

§ri = 8rrl + 8rn',
then (14.43) can be written as*

8aup = rig ((Sr”r}’; + 8rn’) 5T (@< B) =

= (r,-a 6r")p r;, + Sr”rmr;w + 87 grign’ + Srrmnfﬂ) +(a < B).
(14.44)
In the brackets, the first term is equal to aaycSrl’;; due to (14.3); since the covari-
ant derivatives of the metric tensor are zeros, it can also be written equal to 87
where

8rq = Aay 817" = agyr] 81" = rigdr'.

The second and the third terms are zero in accordance with (14.31) and (14.8). The
last term is equal to —bugdr due to (14.33). Finally,

8agp = 8raip + 8rpla — 2bapdr. (14.45)

3 Recall that the notation (« <> 8) means the previous term in the equation with the indices o and
B replaced by g and «, respectively.

4 Since (erV r’y) Pp for each i, is a surface scalar, it can be written in various ways:

((Sr’/r;)yﬂ = @) grl +6r7 (r}) 5=

_ Vo Yo _ ) Yo
= Sr‘ﬂry + ér Typ = Sr;ﬂry + ér Ty

We use the second option, the covariant form of this equation, for the deformed state.
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The variation of the normal vector can be found by varying the equations
niré =0, mn =1.
We have

ridn; = —n;drl,  n;én' = 0. (14.46)

Equations (14.46) define the projections of the vector §n' on the tangent vectors and
the normal vector. The projection on the normal vector is zero. Consequently,

ni = —rini (8r%) . (14.47)
Let us find 8byg. Since in the Cartesian observer’s frame, b, = nirfaﬁ, we have
8bap = n; (ari),aﬁ + rfaﬁani.
Taking into account (14.47) and (14.26);, we get
Sbop = niéré,ﬁ - r;’ﬂriynk(Sr/;
= i (8115 = Tlgdr) ) = midrlyy = nidrig, (14.48)

From (14.48) and (14.43), the variations of the two deformation measures of the
surface are’

8Aap = Tidr'y), (14.49)
(SBaﬂ = niSrfaﬂ.

The system of equations. Everything is prepared now to proceed to the derivation
of the governing equations of shell dynamics.
In accordance with (14.49), the variation of the free energy F is

P ) 0P ; .
O F = —ria8r'ﬁ+—ni8r"aﬂ do. (1450)
aAaﬁ ’ aBaﬁ
Q

Since we have to integrate by parts, and the second term contains the covariant
derivatives in the deformed state, it is convenient to transform the integral (14.50) to
the integral over the deformed surface (). We note that the area elements of Q) and
) are linked by a factor 6:

dé =60dw, 6=+a/Ja (14.51)

5 Recall that the parenthesis in indices mean symmetrization, i.e.

. 1 . .
ri@drlg) = 3 (r,-a8rfﬂ + riﬁérfa) .
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This factor may be interpreted as the ratio of the surface mass densities in the de-
formed and undeformed states.
Introducing the notations

ID (A, B
g0 =22 B) e

9 oD (A, B)
AAgp

, 14.52
Ty (14.52)

we have
8F = f (S"‘ﬁréSri’ﬁ—M“ﬁniSrliaﬁ)dw. (14.53)
Q

The tensors S* and M*# are symmetric. The tensor S** “works” on the surface
strains, while M*# “works” on the surface bending; therefore, they are called the
stress resultants and the stress moments, respectively.

For the variation of kinetic and free energies we have®

t t ) t
1 1 ) 88’.[ . 1 ) ‘ ]
S/ICdt = //,ori,, Py dadt = —//,ori,,fSr’da)dt =
o

fo ¢ o ¢

4]
- / f pOr; 8r'dwdt,
fh Q

n n
8 / Fdt = / / (SPrisriy — M*Pn;drl,) dodt =
I n Q

1
= // (S”‘ﬂr,’g + (M“ﬁn’)‘ﬁ) 8ripdwdt —
fh Q

5]

—//M“’gnivﬁBrf;{dsdt

fo 9Q)

1
= - // (Saﬁrg + (M“ﬁni)‘ﬁ)la Sridwdt +

o

5l
+f/ ((S“’gr;, + (M“ﬂni)|ﬁ> V81 — M“ﬂnivﬁﬁrfa) dsdt.
fo 9Q)

6 Here we use a covariant form of the divergence theorem (14.37) for a surface ().
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Taking first the variations 87’ and Srfa equal to zero at the boundary, we obtain
from the condition, 1 = 0, Euler equations,

8 (1, 89

o2 (14.54)

= (S“’gr;} + (M“ﬂni)‘ﬁ)

la

Equations (14.54), along with the constitutive equations for S* and M (14.52)
and the kinematical relations (14.3), (14.7), (14.29) and (14.40), form a closed sys-
tem of equations for three functions, ri(t, £9).

Boundary conditions. In the case of non-zero variations on d{} the following equal-
ity is to be satisfied at any instant:

/ [(S“ﬁr; + (M"‘ﬂn")la> Sri — M“ﬁnfar,-,a] vads = 0. (14.55)

a0
The integral (14.55) contains the variations 8¢/ and their derivatives 8rfa. They
are not independent: the derivative of 87" along the contour is determined completely
by the values of 87 on this contour. To obtain the boundary conditions from (14.55),
first we have to rewrite (14.55) in the form containing only independent variations.

To this end we break down the two-dimensional Kronecker’s delta, 85, in terms of
the tangent vector, 7%, and the normal vector, V%,

85 = Tatﬂ + vavﬂ,
and make the corresponding decomposition of the derivatives,
Srfa = SrfﬁSf = Srfﬁ'cﬂra + 8rfﬂ VP v, (14.56)

If £# = &P (s) are the parametric equations of the contour I, s being the arc
length of I, then

B — d%‘_ﬂ (S)’
ds

and the first term of (14.56) can be written as

dsrt
ds

Srfﬂrﬁra =1,

The second term in (14.56) contains the normal derivative of 87/ which we denote
by déri/dv :

dsrt
dv

= Srfﬂ v,
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The integral (14.55) takes the form
- ; dsrt dsrt
[ [(S“ﬂr(; + (M“ﬂn’)‘o) Sri — M ‘Sranlw — M“ﬂvanid—v] vgds = 0.
Q)

Obviously, 87 and n;d8r’ /dv are independent. Integrating the second term by
parts we obtain the equation containing only independent variations:

: . d , dsrt
/ [((S“ﬂr& + (M“Bn’)m) Vg + 7 (M“Brav,gn,-)> Srt — M“ﬂuavﬂn,- 7 i|ds =0.
a0
(14.57)

Variations 8r! and n; d8r /d v are zero at Fu due to (14.42). On the other part
of the boundary, I F = = I" = I,, the arbitrariness of 8r; and n;dsr '/dv, yields the

boundary conditions on I I
ap i ap i d of i o
(5 ro + (M*n )|a) v+ o= (M rvgn') =0, MPvgu =0. (14.58)
s

These boundary conditions are quite unusual: in contrast to other problems we
have dealt with in continuum mechanics, they contain the derivatives of normal
vector to the boundary, and, thus, curvatures of the boundary. This is caused by the
presence of the second derivatives of position vector in energy density and occurs
for both plates and shells. The issue of the proper boundary conditions for plates
was a long-standing problem in the nineteenth century. It was solved by Kirchhoff.
He was the first to apply the energy method to the derivation of the equations and
the boundary conditions of plate theory and make the transformation from (14.55),
(14.56) and (14.57) in case of plates. Interestingly, it took more than half a cen-
tury to understand how to get Kirchhoff’s boundary conditions from the differential
equations of linear elasticity.

External forces. Let the external forces now be non-zero. Denote by Q; and R;
the forces working on the variations of the positions of the points of ) and 9€),
respectively, and by M the “generalized force” working on the rotations of the fibers
normal to d€). Then the variation of the action functional (14.41) must be equated
to the negative work of the external forces on the shell displacements,

151 .
. ‘ dsr
—/ /Qiarldw+/ (R,-Sr’ —{—Mnid—r) ds | dr. (14.59)
v
QO Q)

fo

This yields the corresponding contributions to the momentum equations

62 i ) )
pol L5 ) a(ttf ) (S“ﬂ : (M""Sn’)lﬂ) 10, (14.60)
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and the boundary conditions

(507t + (M), ) g +

R (M“ﬂranﬂni) = R,

M*Pv,vg = M. (14.61)
The governing system of equations projected to the tangent plane and the

normal vector. It is often convenient to write down the “intrinsic” system of equa-
tions projected to the tangent directions and the normal vector. According to (14.33),

Sl + (M) = (SF — by M) rl + M.

o =
It is convenient to introduce a non-symmetric tensor, T as
7% = 5% — b2 M*P, (14.62)

Projecting equations (14.60) on the tangent vectors and the normal vector, we have

ap a8 o _ = aazri
Ty —biMg + Q% = por/ —,
Motﬂ b op o azri
lap + aﬁT =+ Q = penlﬁ (1463)

Here the projections of the external forces are denoted by
Q*=rfQ". Q=mQ, R*=Rr!, R=Rn.
The projections of the boundary conditions are

T v — MPr,v57"b% = RY,
d
%+ L ) =

M*Pv,vp = M. (14.64)

If the function @ is known, (14.63) and (14.64) augmented by the constitutive
equations (14.52), and the initial conditions, form a closed system of equations of
shell dynamics.

Physically linear theory. As in elasticity theory, by physically linear one means a
simplification of general theory based on smallness of strains. The strains in shell
theory are characterized by two dimensionless parameters:

172

g4 = m(a)lx (AO,,gA"‘ﬂ)l/2 and ep=nh In&E)lX (Ba,gBaﬁ) (14.65)



14.2  Classical Shell Theory: Phenomenological Approach 607

In physically linear shell theory one neglects the contributions on the order of ¢4
and ep with respect to unity. This considerably simplifies the system of equations.
First of all, one can replace the covariant differentiation over () by the covariant
differentiation over €). Indeed, there is a simply verified identity:

FZ Faﬁ =a’ (Aag;/g + Algg;a — Aaﬂ;g) . (14.66)

Therefore, I‘gﬁ — I“Zﬁ ~ g4/1, where [ is the characteristic length of the stress state

on 2,7 and replacement of Fgﬂ by Fgﬂ corresponds to neglecting the terms on the
order of €4 in comparison with unity. Second, 6 can be replaced by unity. Third,
byg can be replaced by i)aﬁ when they enter in the products like bY M*# or T* b.
Finally, the governing equations take the form

(92l
ETEN
821
a2’

— ML+ 0% = pr

MGy + bop T + Q = pni— (14.67)

T = §°F — b M*P,

In the boundary conditions vectors ¢ and v* may be replaced by r and D*
respectively.® Indeed, let E “ = £%(§) be the equation for the contour I, 3§ belng
the arc lengths on . Then % = = d&*/ds. Since the contour I" does not move over
particles, the vector t¢ is proportional to d&“/ds. The proportionality coefficient,
ds/ds, differs from unity by a small term on the order of £4. Consequently, t* =

“ + O (ea). The vectors v* and D* are defined by the equations aqgv® v =1,
amgv"‘r’3 =0, and Gepv* = 1, &aﬂﬁ“f’ﬂ = 0. Therefore, v* = b* + 0(g4).

So the boundary conditions are

TP s — MY, bp#"b% = RY,

d
BpMet, — R (M*Pt,95) = R, (14.68)
My, Vg =M.

In physically linear theory energy is a quadratic form of A, and B,g. Accord-
ingly, S*# and M*? are linear functions of A,p and B,g. We consider these relations
further.

Geometrically linear theory. Another case where considerable simplifications are
possible is the case of small displacements, u’ = r’ — 7. Then, setting §r = u’ in
(14.49), we get

7 About the characteristic length (see Sect. 5.11); a complete definition will be given below.

8 Note that the three-dimensional vectors rit® and . v® may differ considerably from ##* and
7, V® because r}, — F}, may be not small even for small strains.
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Aaﬁ = F("au,-,ﬁ), (1469)

Brxﬁ = ﬁ;ufaﬁ.

As in three-dimensional elasticity, even for small displacements, theory can be,
in principle, physically nonlinear, i.e. the dependence of ¢ and M*? on the strain
measures is nonlinear.

Equations (14.63) and (14.64) can be simplified due to smallness of displace-
ments: the acceleration terms r* 0%r'/at* and n;9*r' /9t* can be replaced by 9%u®/at>
and 9%u/ot?, respectively, with u® and u being the projection of the displacements
to the tangent plane and the normal vector of the initial state, u* = 7 ul, u = nul,

and covariant derivatives over {) may be replaced by covariant derivatives over Q.
We obtain the governing equations

- P u” af _ papgrB o

Poor =Tp—b; Mg+ 0%,

_ azu“ af 3 ap

D Py =M,z — bog T + 0O, (14.70)

T = s — b2 M,
and the boundary conditions
Ty — M7, 0pt" b = R,
d
bpM°l — — (M“P%,95) = R, (14.71)

d§
M*,0p = M.

In linear shell theory equations (14.70) and (14.71) are closed by the linear re-
lations between S*?, M%f and Aup, Byp and the linear relations between the defor-
mation measures and displacements (14.69).

Various bending measures. Instead of the bending measure B,g one can use an-
other bending measure p.g which is a function of B,g and Ap as long as the couple
(Agp, Bgp) is in one-to-one correspondence with the couple (Aqg, pqp). If the energy
density ® is given as a function of A,p and Bgg, it can be computed in terms of A,
and p,p, and we get another form of the theory. In linear shell theory we have an
additional opportunity to drop small terms of order ¢4 and e in comparison to
unity and, thus, get a different set of equations which still have the same accuracy.
For example, let @ be a quadratic function, which we write in a symbolic form:

1
—®=A>+1’B,
wh
with ¢ being the characteristic value of the shear modulus. If we take

Pap = Bap — bé\an,s),



