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Hélyette Geman and Dilip B. Madan

3.1 Introduction 51
3.2 CGMY model details 54
3.3 Estimation details 57

3.3.1 Statistical estimation 58
3.3.2 Risk neutral estimation 59
3.3.3 Gap risk expectation and price 60

3.4 Estimation results 60
3.4.1 Statistical estimation results 61
3.4.2 Risk neutral estimation results 61
3.4.3 Results on gap risk expectation and price 61

3.5 Conclusions 63
References 65

4 Model Risk for Exotic and Moment Derivatives 67
Wim Schoutens, Erwin Simons and Jurgen Tistaert

4.1 Introduction 67
4.2 The models 68

4.2.1 The Heston stochastic volatility model 69
4.2.2 The Heston stochastic volatility model with jumps 69



Contents vii

4.2.3 The Barndorff-Nielsen–Shephard model 70
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8 Moment Derivatives and Lévy-type Market Completion 169
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8.3.3 Power-jump processes 178



Contents ix

8.4 Enlarging the Lévy market model 179
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Preface

Since around the turn of the millennium there has been a general acceptance that one of
the more practical improvements one may make in the light of the shortfalls of the classical
Black–Scholes model is to replace the underlying source of randomness, a Brownian motion,
by a Lévy process. Working with Lévy processes allows one to capture distributional char-
acteristics in the stock returns such as semi-heavy tails and asymmetry, as well as allowing
for jumps in the price process with the interpretation as market shocks and effects due to
trading taking place in business time rather than real time. In addition, Lévy processes in
general, as well as having the same properties as Brownian motion in the form of stationary
independent increments, have many well understood probabilistic and analytical properties
which make them attractive as mathematical tools.

At the same time, exotic derivatives are gaining increasing importance as financial
instruments and are traded nowadays in large quantities in over the counter markets. The
consequence of working with markets driven by Lévy processes forces a number of new
mathematical challenges with respect to exotic derivatives. Many exotic options are based on
the evolving historical path of the underlying. In terms of pricing and hedging, this requires
an understanding of fluctuation theory, stochastic calculus and distributional decompositions
associated with Lévy processes. This current volume is a compendium of articles, each of
which consists of a discursive review and recent research on the topic of Exotic Option
Pricing and Advanced Lévy Models written by leading scientists in this field.

This text is organized as follows. The first two chapters can be seen as an introduc-
tion to Lévy processes and their applications. The first chapter, by A. E. Kyprianou and
R. Loeffen, gives a brief introduction to Lévy processes, providing several examples which
are commonly used in finance, as well as examining in more detail some of their fine and
coarse path properties. To apply Lévy processes in practice one needs good numerics. In
Chapter 2, N. Webber discusses recent progress in the development of simulation methods
suitable for most of the widely used Lévy processes. Speed-up methods, bridge algorithms
and stratified sampling are some of the many ingredients. These techniques are applied in
the context of the valuation of different kinds of exotic options.

In the second part, one can see Lévy-driven equity models at work. In Chapter 3,
H. Geman and D. Madan use pure jump models, in particular from the CGMY class, for
the evolution of stock prices and investigate in this setting the relationship between the
statistical and risk-neutral densities. Statistical estimation is conducted on different world
indexes. Their conclusions depart from the standard applications of utility theory to asset
pricing which assume a representative agent who is long the market. They argue that one
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must have at a minimum a two-agent model in which some weight is given to an agent
who is short the market. In Chapter 4, W. Schoutens, E. Simons and J. Tistaert calibrate
different Lévy-based stochastic volatility models to a real market option surface and price
by Monte Carlo techniques a range of exotics options. Although the different models dis-
cussed can all be nicely calibrated to the option surface – leading to almost identical vanilla
prices – exotic option prices under the different models discussed can differ considerably.
This investigation is pushed further by looking at the prices of moment derivatives, a new
kind of derivative paying out realized higher moments. Even more pronounced differences
are reported in this case. The study reveals that there is a clear issue of model risk and
warns of blind use of fancy models in the realm of exotic options.

The third part is devoted to pricing, hedging and general theory of different exotics
options of a European nature. In Chapter 5, E. Eberlein and A. Papapantoleon consider
time-inhomogeneous Lévy processes (or additive processes) to give a better explanation
of the so-called ‘volatility smile’, as well as the ‘term structure of smiles’. They derive
different kinds of symmetry relations for various exotic options. Their contribution also
contains an extensive review of current literature on exotics driven in Lévy markets. In
Chapter 6, H. Albrecher and W. Schoutens present a simple static super-hedging strategy
for the Asian option, based on stop-loss transforms and comonotonic theory. A numerical
implementation is given in detail and the hedging performance is illustrated for several
stochastic volatility models. Real options form the main theme of Chapter 7, authored by
P. Barrieu and N. Bellamy. There, the impact of market crises on investment decisions is
analysed through real options under a jump-diffusion model, where the jumps characterize
the crisis effects. In Chapter 8, J.M. Corcuera, D. Nualart and W. Schoutens show how
moment derivatives can complete Lévy-type markets in the sense that, by allowing trade in
these derivatives, any contingent claim can be perfectly hedged by a dynamic portfolio in
terms of bonds, stocks and moment-derivative related products.

In the fourth part, exotics of an American nature are considered. Optimal stopping prob-
lems are central here. Chapter 9 is a contribution at the special request of the editors. This
consists of T. Chan’s original unpublished manuscript dating back to early 2000, in which
many important features of the perpetual American put pricing problem are observed for
the case of a Lévy-driven stock which has no positive jumps. G. Peskir and N. Uys work
in Chapter 10 under the traditional Black–Scholes market but consider a new type of Asian
option where the holder may exercise at any time up to the expiry of the option. Using recent
techniques developed by Peskir concerning local time–space calculus, they are able to give
an integral equation characterizing uniquely the optimal exercise boundary. Solving this
integral equation numerically brings forward stability issues connected with the Hartman–
Watson distribution. In Chapter 11, P. Carr and A. Hirsa give forward equations for the
value of an American put in a Lévy market. A numerical scheme for the VG case for very
fast pricing of an American put is given in its Appendix. In the same spirit, A. Almendral
discusses the numerical valuation of American options under the CGMY model. A numer-
ical solution scheme for the Partial-Integro-Differential Equation is provided; computations
are accelerated by the Fast-Fourier Transform. Pricing American options and their early
exercise boundaries can be carried out within seconds.

The final part considers game options. In Chapter 13, C. Kühn and J. Kallsen give a review
of the very recent literature concerning game-type options, that is, options in which both
holder and writer have the right to exercise. Game-type options are very closely related to
convertible bonds and Kühn and Kallsen also bring this point forward in their contribution.
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Last, but by far not least, P. Gapeev gives a concrete example of a new game-type option
within the Black–Scholes market for which an explicit representation can be obtained.

We should like to thank all contributors for working hard to keep to the tempo that has
allowed us to compile this text within a reasonable period of time. We would also like to
heartily thank the referees, all of whom responded gracefully to the firm request to produce
their reports within a shorter than normal period of time and without compromising their
integrity.

This book grew out of the 2004 Workshop, Exotic Option Pricing under Advanced Lévy
Models, hosted at EURANDOM in The Netherlands. In addition to the excellent man-
agerial and organizational support offered by EURANDOM, it was generously supported
by grants from Nederlands Organizatie voor Wetenschappelijk Onderzoek (The Dutch Or-
ganization for Scientific Research), Koninklijke Nederlandse Akademie van Wetenschappen
(The Royal Dutch Academy of Science) and The Journal of Applied Econometrics. Spe-
cial thanks goes to Jef Teugels and Lucienne Coolen. Thanks also to wilmott.com and
mathfinance.de for publicizing the event.

A. E. Kyprianou, Edinburgh, UK
W. Schoutens, Leuven, Belgium

P. Wilmott, London, UK
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Lévy processes and numerical methods he has also worked on copulas, credit models and
interest rates.



1
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Abstract

We give a brief introduction to Lévy processes and indicate the diversity of this class
of stochastic processes by quoting a number of complete characterizations of coarse
and fine path properties. The theory is exemplified by distinguishing such properties for
Lévy processes which are currently used extensively in financial models. Specifically,
we treat jump-diffusion models (including Merton and Kou models), spectrally one-sided
processes, truncated stable processes (including CGMY and Variance Gamma models),
Meixner processes and generalized hyperbolic processes (including hyperbolic and normal
inverse Gaussian processes).

1.1 INTRODUCTION
The main purpose of this text is to provide an entrée to the compilation Exotic Options
and Advanced Lévy Models. Since path fluctuations of Lévy processes play an inevitable
role in the computations which lead to the pricing of exotic options, we have chosen to
give a review of what subtleties may be encountered there. In addition to giving a brief
introduction to the general structure of Lévy processes, path variation and its manifes-
tation in the Lévy–Khintchine formula, we shall introduce classifications of drifting and
oscillation, regularity of the half line, the ability to visit fixed points and creeping. The
theory is exemplified by distinguishing such properties for Lévy processes which are cur-
rently used extensively in financial models. Specifically, we treat jump-diffusion models
(including Merton and Kou models), spectrally one-sided processes, truncated stable pro-
cesses (including CGMY and variance gamma models), Meixner processes and generalized
hyperbolic processes (including hyperbolic and normal inverse Gaussian processes).

To support the presentation of more advanced path properties and for the sake of com-
pleteness, a number of known facts and properties concerning these processes are reproduced
from the literature. We have relied heavily upon the texts by Schoutens (2003) and Cont
and Tankov (2004) for inspiration. Another useful text in this respect is that of Boyarchenko
and Levendorskii (2002).

Exotic Option Pricing and Advanced Lévy Models. Edited by A. E. Kyprianou, W. Schoutens and P. Wilmott
Copyright  2005 John Wiley & Sons, Ltd.



2 Exotic Option Pricing and Advanced Lévy Models

The job of exhibiting the more theoretical facts concerning path properties have been
greatly eased by the existence of the two indispensable monographs on Lévy processes,
namely Bertoin (1996) and Sato (1999); see, in addition, the more recent monograph of
Applebaum (2004) which also contains a section on mathematical finance. In the course of
this text, we shall also briefly indicate the relevance of the path properties considered to a
number of exotic options. In some cases, the links to exotics is rather vague due to the fact
that the understanding of pricing exotics and advanced Lévy models is still a ‘developing
market’, so to speak. Nonetheless, we believe that these issues will in due course become
of significance as research progresses.

1.2 LÉVY PROCESSES
We start with the definition of a real valued Lévy process followed by the Lévy–Khintchine
characterization.

Definition 1 A Lévy process X = {Xt : t ≥ 0} is a stochastic process defined on a probability
space (�,F,P) which satisfies the following properties:

(i) The paths of X are right continuous with left limits almost surely.
(ii) X0 = 0 almost surely.

(iii) X has independent increments; for 0 ≤ s ≤ t, Xt −Xs is independent of σ(Xu : u ≤ s).
(iv) X has stationary increments; for 0 ≤ s ≤ t, Xt −Xs is equal in distribution to Xt−s .

It turns out that there is an intimate relationship between Lévy processes and a class of
distributions known as infinitely divisible distributions which gives a precise impression of
how varied the class of Lévy processes really is. To this end, let us devote a little time to
discussing infinitely divisible distributions.

Definition 2 We say that a real valued random variable � has an infinitely divisible distri-
bution if for each n = 1, 2, . . . . there exists a sequence of iid random variables �1, . . . , �n

such that

�
d= �1,n + · · · +�n,n

where
d= is equality in distribution. Alternatively, we could have expressed this relation in

terms of probability laws. That is to say, the law µ of a real valued random variable is
infinitely divisible if for each n = 1, 2, . . . there exists another law µn of a real valued
random variable such that µ = µ∗nn , the n-fold convolution of µn.

The full extent to which we may characterize infinitely divisible distributions is carried
out via their characteristic function (or Fourier transform of their law) and an expression
known as the Lévy–Khintchine formula.

Theorem 3 (Lévy–Khintchine formula) A probability law µ of a real valued random vari-
able is infinitely divisible with characteristic exponent �,∫

R

eiuxµ (dx) = e−�(u) for u ∈ R,
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if and only if there exists a triple (γ, σ,�), where γ ∈ R, σ ≥ 0 and � is a measure supported
on R\{0} satisfying

∫
R

(
1 ∧ x2

)
�(dx) <∞, such that

� (u) = iγ u+ 1

2
σ 2u2 +

∫
R

(1− eiux + iux1(|x|<1))�(dx)

for every u ∈ R.

Definition 4 The measure � is called the Lévy (characteristic) measure and the triple
(γ, σ,�) are called the Lévy triple.

Note that the requirement that
∫

R
(1 ∧ x2)�(dx) <∞ necessarily implies that the tails of

� are finite. On the other hand, should � be an infinite measure due to unbounded mass in
the neighbourhood of the origin, then it must at least integrate locally against x2 for small
values of x.

Let us now make firm the relationship between Lévy processes and infinitely divisible
distributions. From the definition of a Lévy process we see that for any t > 0, Xt is a
random variable whose law belongs to the class of infinitely divisible distributions. This
follows from the fact that for any n = 1, 2, . . .

Xt = Xt/n + (X2t/n −Xt/n)+ · · · + (Xt −X(n−1)t/n) (1.1)

together with the fact that X has stationary independent increments. Suppose now that we
define for all u ∈ R, t ≥ 0

�t (u) = − log E
(
eiuXt

)
then by using equation (1.1) twice we have for any two positive integers m, n that

m�1 (u) = �m (u) = n�m/n (u)

and hence for any rational t > 0
�t (u) = t�1 (u) . (1.2)

If t is an irrational number, then we can choose a decreasing sequence of rationals {tn : n ≥ 1}
such that tn ↓ t as n tends to infinity. Almost sure right continuity of X implies right continuity
of exp{−�t (u)} (by dominated convergence) and hence equation (1.2) holds for all t ≥ 0.

In conclusion, any Lévy process has the property that

E
(
eiuXt

) = e−t�(u)

where � (u) := �1 (u) is the characteristic exponent of X1 which has an infinitely divisible
distribution.

Definition 5 In the sequel we shall also refer to � (u) as the characteristic exponent of the
Lévy process.

Note that the law of a Lévy process is uniquely determined by its characteristic exponent.
This is because the latter characterizes uniquely all one-dimensional distributions of X.
From the property of stationary independent increments, it thus follows that the character-
istic exponent characterizes uniquely all finite dimensional distributions which themselves
uniquely characterize the law of X.
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It is now clear that each Lévy process can be associated with an infinitely divisible
distribution. What is not clear is whether given an infinitely divisible distribution, one may
construct a Lévy process such that X1 has that distribution. This latter issue is resolved by
the following theorem which gives the Lévy–Khintchine formula for Lévy processes.

Theorem 6 Suppose that γ ∈ R, σ ≥ 0 and � is a measure on R\{0} such that
∫

R
(1 ∧

|x|2)�(dx) <∞. From this triple define for each u ∈ R

� (u) = iγ u+ 1

2
σ 2u2 +

∫
R

[1− eiux + iux1(|x|<1)]�(dx). (1.3)

Then there exists a probability space (�,F,P) on which a Lévy process is defined having
characteristic exponent �.

It is clear from the Lévy–Khintchine formula that a general Lévy process must necessarily
take the form

−γ t + σBt + Jt , t ≥ 0

where B := {Bt : t ≥ 0} is a standard Brownian motion (and thus has normally distributed
increments contributing the term σ 2u2/2 to �) and J := {Jt : t ≥ 0} is a process indepen-
dent of B. It is the process J which essentially is responsible for the huge diversity in the
class of Lévy processes and also for the discontinuities or jumps in the path of X which
are typically present.

The proof of Theorem 6 is rather complicated but nonetheless very rewarding as it also
reveals much more about the general structure of the process J . In Section 1.4.1 we shall give
a brief outline of the main points of the proof and in particular how one additionally gets a
precise classification of the path variation from it. We move first, however, to some examples
of Lévy processes, in particular those which have become quite popular in financial modelling.

1.3 EXAMPLES OF LÉVY PROCESSES IN FINANCE
Appealing to the idea of stochastically perturbed multiplicative growth the classic Black–
Scholes model proposes that the value of a risky asset should be modeled by an exponential
Brownian motion with drift. It has long been known that this assumption drastically fails to
match the reality of observed data. Cont (2001) exemplifies some of the more outstanding
issues. The main problem being that log returns on real data exhibit (semi) heavy tails while
log returns in the Black–Scholes model are normally distributed and hence light tailed.
Among the many suggestions which were proposed to address this particular problem was
the simple idea to replace the use of a Brownian motion with drift by a Lévy processes.
That is to say, a risky asset is modeled by the process

seXt , t ≥ 0

where s > 0 is the initial value of the asset and X is a Lévy process.
There are essentially four main classes of Lévy processes which feature heavily in current

mainstream literature on market modeling with pure Lévy processes (we exclude from the
discussion stochastic volatility models such as those of Barndorff–Nielsen and Shephard
(2001)). These are the jump-diffusion processes (consisting of a Brownian motion with drift
plus an independent compound Poisson process), the generalized tempered stable processes
(which include more specific examples such as Variance Gamma processes and CGMY),
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Generalized Hyperbolic processes and Meixner processes. There is also a small minority of
papers which have proposed to work with the arguably less realistic case of spectrally one-
sided Lévy processes. Below, we shall give more details on all of the above key processes
and their insertion into the literature.

1.3.1 Compound Poisson processes and jump-diffusions

Compound Poisson processes form the simplest class of Lévy processes in the sense of
understanding their paths. Suppose that ξ is a random variable with honest distribution F

supported on R but with no atom at 0. Let

Xt :=
Nt∑
i=1

ξi, t ≥ 0

where {ξi : i ≥ 1} are independent copies of ξ and N := {Nt : t ≥ 0} is an independent
Poisson process with rate λ > 0. Then, X = {Xt : t ≥ 0} is a compound Poisson process. The
fact that X is a Lévy process can easily be verified by computing the joint characteristic of the
variables Xt −Xs and Xv −Xu for 0 ≤ v ≤ u ≤ s ≤ t <∞ and showing that it factorizes.
Indeed, standard facts concerning the characteristic function of the Poisson distribution leads
to the following expression for the characteristic exponent of X,

�(u) = λ(1− F̂ (u)) =
∫

R

(1− eiux)λF (dx)

where F̂ (u) = E(eiuξ ). Consequently, we can easily identify the Lévy triple via σ = 0 and
γ = − ∫

R
xλF(dx) and �(dx) = λF(dx). Note that � has finite total mass. It is not difficult

to reason that any Lévy process whose Lévy triple has this property must necessarily be a
compound Poisson process. Since the jumps of the process X are spaced out by independent
exponential distributions, the same is true of X and hence X is pathwise piecewise constant.
Up to adding a linear drift, compound Poisson processes are the only Lévy processes which
are piecewise linear.

The first model for risky assets in finance which had jumps was proposed by Merton
(1976) and consisted of the log-price following an independent sum of a compound Poisson
process, together with a Brownian motion with drift. That is,

Xt = −γ t + σBt +
Nt∑
i=1

ξi, t ≥ 0

where γ ∈ R, {Bt : t ≥ 0} is a Brownian motion and {ξi : i ≥ 0} are normally distributed.
Kou (2002) assumed the above structure, the so called jump-diffusion model, but chose
the jump distribution to be that of a two-sided exponential distribution. Kou’s choice of
jump distribution was heavily influenced by the fact that analysis of first passage problems
become analytically tractable which itself is important for the valuation of American put
options (see Chapter 11 below). Building on this idea, Asmussen et al. (2004) introduce a
jump-diffusion model with two-sided phasetype distributed jumps. The latter form a class of
distributions which generalize the two-sided exponential distribution and like Kou’s model,
have the desired property that first passage problems are analytically tractable.
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1.3.2 Spectrally one-sided processes

Quite simply, spectrally one-sided processes are characterized by the property that the sup-
port of the Lévy measure is restricted to the upper or the lower half line. In the latter
case, that is �(0,∞) = 0, one talks of spectrally negative Lévy processes. Without loss of
generality we can and shall restrict our discussion to this case unless otherwise stated in the
sequel.

Spectrally negative Lévy processes have not yet proved to be a convincing tool for
modeling the evolution of a risky asset. The fact that the support of the Lévy measure
is restricted to the lower half line does not necessarily imply that the distribution of the
Lévy process itself is also restricted to the lower half line. Indeed, there are many examples
of spectrally negative processes whose finite time distributions are supported on R. One
example, which has had its case argued for in a financial context by Carr and Wu (2003)
and Cartea and Howison (2005), is a spectrally negative stable process of index α ∈ (1, 2).
To be more precise, this is a process whose Lévy measure takes the form

�(dx) = 1(x<0)c|x|−1−αdx

for some constant c > 0 and whose parameter σ is identically zero. A lengthy calculation
reveals that this process has the Lévy–Khintchine exponent

�(u) = c|u|α
(

1+ i tan
πα

2
signu

)
.

Chan (2000, 2004), Mordecki (1999, 2002) and Avram et al. (2002, 2004), have also
worked with a general spectrally negative Lévy process for the purpose of pricing Amer-
ican put and Russian options. In their case, the choice of model was based purely on
a degree of analytical tractability centred around the fact that when the path of a spec-
trally negative process passes from one point to another above it, it visits all other points
between them.

1.3.3 Meixner processes

The Meixner process is defined through the Meixner distribution which has a density func-
tion given by

fMeixner(x;α, β, δ, µ) = (2 cos(β/2))2δ

2απ
(2δ)
exp

(
β(x − µ)

α

) ∣∣∣∣
 (δ + i(x − µ)

α

)∣∣∣∣2
where α > 0,−π < β < π, δ > 0, m ∈ R. The Meixner distribution is infinitely divisible
with a characteristic exponent

�Meixner(u) = − log

((
cos(β/2)

cosh(αu− iβ)/2

)2δ
)
− iµu,

and therefore there exists a Lévy process with the above characteristic exponent. The Lévy
triplet (γ, σ,�) is given by

γ = −αδ tan(β/2)+ 2δ
∫ ∞

1

sinh(βx/α)

sinh(πx/α)
dx − µ,


