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Preface

This book was written primarily as an advanced text in microwave engineering for
graduate students. Since it concentrates on the principle of circuit element designs,
it is of value to engineers in industry who want to design advanced microwave
circuits. To understand the text, transmission line theory, circuit matrices, and
microwave circuit theory are the necessary background.

There are three classes of components in microwave integrated circuits: one
is passive and the others are active and nonreciprocal ferrite components. This
book treats the passive components intensively, especially asymmetric compo-
nents. An epoch-making development was the even- and odd-mode excitation
analyses suggested in 1956 by J. Reed and G. J. Wheeler, and their analyses
were based on the symmetrical structures. Therefore, only symmetric passive
designs have been developed until now. However, the passive components with
arbitrary termination impedances are needed to reduce circuit size since they
allow the elimination of the matching networks needed to obtain the desired
output performances when the symmetric components are integrated with other
elements. This results in components that are no longer symmetrical, so con-
ventional design methods may not be used. Therefore, new design methods are
needed. In this book, asymmetric design methods are illustrated for components
such as asymmetric ring hybrids, asymmetric branch-line hybrids, asymmetric
three-port power dividers, asymmetric ring-hybrid phase shifters and attenuators,
asymmetric ring filters, and asymmetric impedance transformers, which are the
basic and indispensable elements for integration with other active and/or passive
devices.

The book is made up of eleven chapters: Chapter 1 provides a brief introduc-
tion to asymmetric passive components in microwave integrated circuits and their
short history, starting with the asymmetric ring hybrids first described in 1994 by
the author. Microwave circuit parameters such as scattering, ABCD, impedance,
admittance, and image parameters are explained in Chapter 2. Basis-independent
or basis-dependent scattering parameters are discussed, and an easy method of
analyzing any network with multiports is described in more detail. A particular
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feature of this chapter is a conversion table between various circuits matrices
characterizing two-port networks terminated in arbitrary impedances.

Chapters 3 and 4 cover ring hybrids. The design method of conventional
ring hybrids, is given in Chapter 3, and asymmetric ring hybrids are treated
in Chapter 4, where their design equations and a method to reduce their size are
explained. Asymmetric branch-line hybrids are discussed in Chapter 5. Branch-
line and ring hybrids are both four-port components, but they have been treated
differently in conventional analyses. However, it is suggested in this book that
they are not different and that the name ring hybrid or branch-line hybrid may be
determined by the power division directions. Therefore, asymmetric branch-line
hybrids may be designed using the same method as that used for asymmetric
ring hybrids.

Chapters 6 to 8 treat three-port power dividers. Since they are very useful com-
ponents in various applications, they are studied in more detail. Conventional
three-port power dividers are described in Chapter 6. Asymmetric three-port
power dividers are covered in Chapters 7 and 8: the case of equal power division
in Chapter 7 and that of arbitrary power division in Chapter 8.

Chapters 9 to 11 cover asymmetric two-port components. They are asymmetric
ring-hybrid phase shifters and attenuators, ring filters, and asymmetric impedance
transformers. The asymmetric impedance transformers are not only small but can
also produce arbitrary phase shifters of less than 90◦. Due to these distinct prop-
erties, they can be used for various applications, such as small three-port power
dividers, small ring filters, and asymmetric three-port 45◦ power dividers. Several
applications are described in the latter part of Chapter 11; other applications are
left for the readers.

Several people deserve acknowledgment for their help in completing the book.
Professor Ingo Wolff at Duisburg–Essen University in Germany encouraged me
to write the habilitation thesis that has served as a source for the book; Professor
Tatsuo Itoh at UCLA in the United States, Professor Wolfgang Menzel at Ulm
University in Germany, and Professor Kwyro Lee at KAIST (Korea Advanced
Institute of Science and Technology) in Korea reviewed the book despite their
busy schedules; and Professor Bumman Kim at POSTECH (Pohang University
of Science and Technology) in Korea helped me concentrate on completing the
book. I am especially appreciative of the interest and help of Professor Kai Chang
at Texas A&M University. Without their interest and assistance, this task could
not have been accomplished.

HEE-RAN AHN

Pohang University Science and Technology (POSTECH)



CHAPTER ONE

Introduction

1.1 ASYMMETRIC PASSIVE COMPONENTS

In microwave integrated circuits, there are three classes of components: one
passive, the others active and nonreciprocal ferrite components. Power dividers,
phase shifters, impedance transformers, and filters are typical passive compo-
nents, and their conventional structures have been symmetric. However, asym-
metric structures, with arbitrary termination impedances, are strongly preferable
since they allow elimination of the matching networks needed to obtain the out-
put performances desired when symmetric components are integrated with other
elements.

The study of asymmetric passive components started with asymmetric ring
hybrids in 1991 [1–5], and the design equations of asymmetric 3-dB ring hybrids
were derived in 1994 by Ahn et al. [6]. Shortly after, those of asymmetric ring
hybrids with arbitrary power divisions were synthesized assuming conditions of
perfect isolation [7,8]. In 2000, a new concept [9], which stated that ring hybrids
are not different from branch-line hybrids [10–13], allowed two types of asym-
metric branch-line hybrids to be investigated and their design equations derived.
In this book, asymmetric ring hybrids and branch-line hybrids are discussed in
Chapters 3 to 5.

For asymmetric three-port power dividers, Ahn and Wolff [14,15] derived
a perfect isolation condition that had never been analyzed for these types of
conventional three-port power dividers. Using perfect isolation conditions 3-dB
three-port power dividers terminating in different impedances could be con-
structed and their design equations derived. However, the design equations were
available only for three-port power dividers with equal power division. In 2000,
general design equations were derived for three-port power dividers with both
arbitrary termination impedances and arbitrary power divisions [16,17]. In this

Asymmetric Passive Components in Microwave Integrated Circuits, by Hee-Ran Ahn
Copyright  2006 John Wiley & Sons, Inc.
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2 INTRODUCTION

book, the design of asymmetric three-port power dividers with arbitrary power
divisions is treated in Chapters 7 and 8.

Development of the monolithic microwave integrated circuit (MMIC)
technique has created a strong incentive to reduce circuit size. Three-port power
dividers are key components in microwave integrated circuits, and there have
been many trials to reduce their size. One of them was to adapt lumped-
element circuits to be equivalent to transmission-line sections [1–6,14]. However,
the bandwidths of three-port power dividers with lumped elements were not
sufficient, so wideband impedance transformers were required. For this, two types
of small wideband impedance transformers were introduced: the constant-voltage
standing-wave-ratio transmission-line impedance transformer (CVT) and the
constant-conductance transmission-line impedance transformer (CCT) [17–19].
CVTs and CCTs have arbitrary phase shifts of less than 90◦, which differs
considerably from conventional impedance transformers, which have only odd
multiples of 90◦ phase shifts. Thus, the distinct characteristics of CVTs and CCTs
allow construction of small CVT and CCT 3-dB power dividers (CVT3PD and
CCT3PDs), three-port 45◦ power dividers, and CVT and CCT ring filters. One
CCT3PD has the smallest recorded, and three-port 45◦ power dividers are very
important in getting rid of third harmonics of active devices. The key components
of CVTs and CCTs are treated in Chapter 11 as asymmetric two-port components.

In addition to CVTs and CCTs, asymmetric ring-hybrid phase shifters and
attenuators [20–22] and ring filters are asymmetric two-port components and are
considered in Chapters 9 and 10. Since asymmetric phase shifters and attenuators
consist of asymmetric ring hybrids, they may be used as impedance transformers
together with their original functions. Conventional 180◦ phase shifters were used
for building linearizers in high-power systems, but they had narrowband prop-
erties. For this, ring filters [23] were introduced as wideband 180◦ transmission
lines. Each ring filter consists of a ring and two short stubs, and it is possible
to measure an inherent ring resonance frequency by having the two short stubs
differ in length. This measurement technique is treated in Chapter 10.

1.2 CIRCUIT PARAMETERS

The measured quantities of passive components at microwave frequencies are
almost always the scattering parameters. The scattering matrix discussed in
Chapter 2 is admirably suitable for the description of a large class of passive
microwave components and is used as much as possible throughout the book. In
many cases it leads to a complete understanding of a microwave device while
avoiding the need to construct a formal electromagnetic boundary-value problem
for the structure. The entries of the scattering matrix of an n-port junction are a set
of quantities related to incident and reflected waves at the ports of the junction that
describe the performance of a network under any termination conditions specified.
The coefficients along the main diagonal of the scattering matrix are reflection
coefficients, whereas those along the off-diagonal are transmission coefficients.
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A scattering matrix exists for every linear, passive, and time-invariant network,
and it is possible to deduce important general properties of junctions containing
a number of ports by invoking such junction properties as reciprocity and power
conservation. Since the entries of the scattering matrix S , impedance matrix Y ,
and admittance matrix Z of a symmetric network are linear combinations of the
circuit eigenvalues, their direct evaluation or measurement provides an alternative
formulation of network parameters. Therefore, the relation between the scattering
matrix and other circuit matrices is important and is described in Chapter 2.

1.3 ASYMMETRIC FOUR-PORT HYBRIDS

Many different types of power dividers, with and without isolation between out-
put ports, are used for various applications. They perform a variety of functions,
such as splitting and combining power in mixers (hybrids), sampling power from
sources for level control, separating incident and reflected signals in network
analyzers, and dividing power among a number of loads. Certain power dividers,
which provide isolation between their output ports, are branch-line hybrids, ring
hybrids, and parallel-coupled directional couplers, and their two outputs are
in phase or out of phase by 90◦ or 180◦. These power dividers are shown in
Fig. 1.1(a), where the direction of power flow is indicated when power is fed
into port 1�. As shown, the direction of the ring hybrid is the same as that of
the parallel-coupled directional coupler, but the two output signals of the ring
hybrid are in phase or 180◦ out of phase, whereas those of the parallel-coupled
directional coupler are 90◦ out of phase. The branch-line hybrid in Fig. 1.1(b) is
same as that in Fig. 1.1(c), in that the two output signals are out of phase by 90◦,
but the power division directions are different from each other. Thus, the branch-
line coupler (hybrid) is called a forward coupler, whereas the parallel-coupled
directional coupler is called a backward coupler.

1.3.1 Asymmetric Ring Hybrids

The first conventional ring hybrid to be treated in Chapter 3 was investigated
by Tyrrel in 1947 [24]. Tyrrel tried to explain ring hybrids using the concept of
waveguide T-junctions, and described two types of hybrid circuits, one involving
a ring or loop transmission line and the other relying on the symmetry properties
of certain four-arm junctions. After he described the fundamental characteris-
tics of distributed circuit hybrids, a number of workers discussed the perfor-
mance of practical wideband realizations constructed in coaxial line [25–27]
and stripline [28]. One of them was that two coupled-line filters were used for a
wideband ring hybrid in the 1950s. In 1961, Pon [29] derived design equations
for ring hybrids with arbitrary power divisions. In 1968, March [28] developed a
wideband ring hybrid, adapting one coupled-line filter instead of a three-quarter-
wavelength transmission line, which causes narrowband responses.

In the 1980s, as uniplanar techniques emerged for MMIC applications, there
were several researchers developed small broadband ring hybrids which employed
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FIGURE 1.1 Four-port power dividers and their power flows: (a) ring hybrid;
(b) branch-line hybrid; (c) parallel-coupled transmission-line directional coupler.

a combination of coplanar waveguides and slotlines using only one-sided sub-
strates [30–32]. Since the first ring hybrid was introduced, ring hybrids have
been studied and used for various applications in microwave equipment. Thus,
they are indispensable components in various MICs (microwave integrated cir-
cuits) or MMICs (monolithic microwave integrated circuits), such as balanced
mixers, balanced amplifiers, frequency discriminators, phase shifters, feeding net-
works in antenna arrays, and so on. The important conventional ring hybrids are
introduced and discussed in Chapter 3.

In practice, ring hybrids are used together with other active and passive
devices. Thus, to obtain a desired performance, additional matching networks
are necessary for conventional ring hybrids. Therefore, ring hybrids terminat-
ing in arbitrary impedances can reduce the size of MICs significantly. Since no
symmetry plane is available for asymmetric ring hybrids terminating in arbitrary
impedance, the conventional method of even- and odd-mode excitation analyses
cannot be used, so new design methods are required. In Chapter 4 we discuss how
to derive design equations for asymmetric ring hybrids [8] and how to reduce
the loss produced by inductors of asymmetric lumped-element ring hybrids [6].

1.3.2 Asymmetric Branch-Line Hybrids

Branch-line directional couplers, which originated with Mumford [33], consist
of two adjacent transmission lines with one or more coupling elements between
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them. One of these two lines is the main or primary line and the other one
is the secondary line. A small fraction of the energy in the main line is trans-
ferred, through the coupling elements, to the secondary line. The mechanisms
of the power transmission and isolation from the primary line to the secondary
line are discussed in Chapter 5. If the coupling elements are branch lines and
hybrid T-junctions are used for the directional couplers, they are called branch-
line hybrids, and one-stage branch-line hybrids are narrowband. So to increase
the bandwidth, multiple branch-line hybrids [34] are needed and the design of
such a directional coupler and the calculation of its frequency response are also
covered in Chapter 5. The branch-line directional coupler is particularly desirable
since the design constants are readily found and its frequency response can be
calculated. Branch-line hybrids may be used for impedance transformers with
one or two sections [35,36]; their design methods are treated in Chapter 5.

Branch-line hybrids have been studied for a long time. However, these studies
have focused on symmetric branch-line hybrids [33–40]. If branch-line hybrids
are terminated in arbitrary impedances, they are no longer symmetric and a new
design method is needed. In the latter part of Chapter 5, the isolation mechanism
of asymmetric four-port hybrids and design equations for asymmetric branch-line
hybrids are treated.

1.4 ASYMMETRIC THREE-PORT POWER DIVIDERS

The history of three-port power dividers began in 1960 with Wilkinson [41], who
described a device that separated one signal into n equiphase–equiamplitude sig-
nals. Theoretically perfect isolation between all output ports is achieved at one
frequency. With n D 2, his circuit may be reduced to a three-port power divider.
In 1965, Parad and Moynihan [42] presented a hybrid with the output signals in
phase and an arbitrary amplitude difference. The perfect three-port hybrid prop-
erty was again achieved at one frequency. In 1968, Cohn [43] presented a class
of equal-power dividers with isolation and impedance matching at any number
of frequencies. In 1971, Ekinge [44] described a three-port hybrid consisting
of n sections in cascade, each section composed of two coupled lossless trans-
mission lines with a certain electrical length and an intermediate resistor. His
design seems to be similar to that of Cohn [43]. However, Cohn treated equal-
power-split three-port hybrids, whereas Ekinge dealt with three-port hybrids with
arbitrary power split.

For the design of three-port power dividers, it is very important to deter-
mine the isolation conditions or the values of isolation resistors. A number of
papers have dealt with how to get isolation between output signals. Parad and
Moynihan [42] suggested one of many isolation conditions, and Cohn, Ekinge,
et al. [43–45] had to use intensive optimizing methods to derive the isolation
resistances. In this book, a perfect isolation condition without optimization is
discussed in Chapter 7.

In addition to the above, an optimization method for 3-dB three-port
power dividers terminated in complex frequency-dependent impedances was



6 INTRODUCTION

suggested [45] and is discussed in Chapter 6. The output signals of conventional
three-port power dividers are mostly in phase. However, if they are out of
phase by 45◦ power dividers are particularly important to reduce unwanted
intermodulation harmonic frequencies [46]. Such three-port power dividers can
be built in two ways: The first is simply to use a delay line, and the second
uses the small impedance transformers, CVTs and CCTs. These two ways are
introduced in Chapters 6 and 11, respectively.

Since Wilkinson, studies on three-port hybrids have continued [42–48] to
focus on symmetrical structures for which conventional even- and odd-mode
excitation methods [49] can be used. If three-port power dividers are terminated
in arbitrary impedances, they are no longer symmetric, and new ideas to derive
design equations are needed. In earlier work [44], Ekinge mentioned that all the
termination impedances had to be equal to each other, or at least the two output
termination impedances be the same for the equal power division. However, Ahn
and Wolff [14] showed that all the termination impedances could differ from
each other despite equal power division. This is described in Chapter 7. General
design equations that are available to any type of N -way power dividers with
arbitrary power divisions and arbitrary termination impedances are discussed in
Chapter 8.

1.5 ASYMMETRIC TWO-PORT COMPONENTS

Phase shifters, filters, and impedance transformers are two-port components. The
phase shifter, as a general-purpose device in microwave components, finds use
in a variety of communication and radar systems, microwave instrumentation,
measurement systems, and industrial applications. Several different forms of
phase shifters have been suggested, but most applications use a 3-dB hybrid
power divider with symmetric reflection terminations. However, conventional
ring-hybrid phase shifters require an additional transmission-line section to uti-
lize symmetrical reflection terminations [50]. To reduce the size, a new design
method for ring-hybrid phase shifters was presented without this transmission-line
section [20]. In Chapter 9, the method is introduced and asymmetric ring-hybrid
phase shifters and attenuators are presented and discussed.

Conventional impedance transformers have only odd multiples of 90◦ phase
shift [51]. However, impedance transformers with arbitrary phase shifts are
needed to reduce the size of microwave integrated circuits. The ring filters
discussed in Chapter 10 have 180◦ phase shifts, and the CVTs and CCTs in
Chapter 11 have arbitrary phase shifts of less than 90◦. Asymmetric phase
shifters, attenuators, impedance transformers, and ring filters are treated as
asymmetric two-port components in Chapters 10 and 11.
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CHAPTER TWO

Circuit Parameters

2.1 SCATTERING MATRIX

A large class of passive microwave components may be characterized by any
of various sets of parameters, such as short-circuit admittance parameters, open-
circuit impedance parameters, hybrid parameters, transmission parameters, scat-
tering parameters, and so on. However, not all of these parameters will always
exist because most parameters are partially defined with respect to zero or infinite
loading at the ports. The scattering parameters, on the other hand, are defined in
terms of some finite stable loadings at the ports. Because of this, they always
exist for all linear passive networks.

The scattering parameters originated from the theory of transmission lines
and form a matrix of transformation between variables which are linear com-
binations of the voltages and currents in a network. Since they are particularly
suitable for problems of power transfer in networks designed to be terminated
by complex loads, the scattering formalism finds convenient application in prob-
lems that involve insertion loss (e.g., filters, attenuators, power dividers, hybrids)
and matching networks. Because the scattering parameters are closely associated
with the power transfer properties of a network, they are indispensable in the
design of microwave networks and permit the formulation of concise and use-
ful expressions for energy constraints in passive structures. They are, therefore,
particularly suitable for realization in the frequency domain. In addition, the scat-
tering parameters possess another important property useful in general passive
synthesis studies.

For the study of the scattering parameters, in this chapter we first treat how
to get reflection coefficients from transmission-line theory and then apply the
concepts to those of an n-port network. Since the scattering parameters are nor-
malized to n complex loads on the complex plane, it will be shown that this

Asymmetric Passive Components in Microwave Integrated Circuits, by Hee-Ran Ahn
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normalization can be extended to entire complex loads and to general n-port
loads on the imaginary axis.

2.1.1 Transmission-Line Theory

The most important property of a transmission line is that electromagnetic fields
can be uniquely related to voltages and currents. For this reason, circuit theory
concepts are used for analyses of the structures, and the lumped-element equiv-
alent circuit of a small section of transmission line with length dz is derived
as shown in Fig. 2.1. It consists of series inductance per unit length L, series
resistance per unit length R, shunt conductance per unit length G, and shunt
capacitance per unit length C. Wave equations for V (z) and I (z) in Fig. 2.1 are
obtained as

d2V (z)

dz2
− γ 2V (z) = 0, (2.1a)

d2I (z)

dz2
− γ 2I (z) = 0, (2.1b)

where γ = α + jβ = √
(R + jωL)(G + jωC) is the complex propagation con-

stant, and α and β are phase and attenuation constants, respectively.
Assuming that α = 0, the solutions for V (z) and I (z) in (2.1) are

V (z) = V +
0 e−jβz + V −

0 ejβz = Vi(z) + Vr(z), (2.2a)

I (z) = I+
0 e−jβz − I−

0 ejβz = Ii(z) − Ir(z), (2.2b)

where V +
0 , V −

0 , I+
0 , and I−

0 are voltage and current amplitudes traveling in
positive and negative z-directions at z = 0. The total voltage V (z) or current I (z)

along the line may be considered as the sum of an incident wave traveling in
the positive z-direction and a reflected wave traveling in the negative z-direction,
and the negative sign associated with the reflected current Ir(z) indicates that the
positive direction for Ir(z) is opposite that for Ii(z).

Figure 2.2 shows a uniform lossless transmission line that is connected
between a load impedance ZL and a voltage source Vg with an internal impedance

V(z + dz)

I(z + dz)

V(z)

I(z) L dz R dz

G dz C dz

dz

FIGURE 2.1 Lumped-element equivalent circuit of a transmission line of length dz.



12 CIRCUIT PARAMETERS

z0

Vg

b, z0 V(z)

l

ZL

I(z)

FIGURE 2.2 Uniform lossless transmission line.

z0. When ZL �= z0, reflections occur at z = 0, and the relations between voltages
and currents and for z0 and ZL are given as

V (0) = Vi(0) + Vr(0), (2.3a)

I (0) = Ii(0) − Ir(0), (2.3b)

z0 = Vr(0)

Ir(0)
= Vi(0)

Ii(0)
, (2.3c)

ZL = V (0)

I (0)
. (2.3d)

The ratio of reflected voltage to incident voltage at z = 0 is defined as the
voltage-basis reflection coefficient �V = Vr(0)/Vi(0), and the ratio of reflected
current to incident current at z = 0 is defined as the current-basis reflection
coefficient �I = Ir(0)/Ii(0). By (2.2) and (2.3), these coefficients can easily be
found and they are given by

�I = (ZL + z0)
−1(ZL − z0), (2.4a)

�V = −(YL + y0)
−1(YL − y0), (2.4b)

where y0 = 1/z0 and YL = 1/ZL. For real z0, �I = �V .
The most interesting conclusion from the relations in (2.4) is that reflections

occur when ZL �= z0 and that there is no reflected voltage or current wave when
ZL = z0. Thus, when ZL �= z0, �I and �V are finite, and standing waves of volt-
age and current exist along the transmission line. When ZL = z0, all the energy
of the incident wave is transferred to the load, which cannot be distinguished
from a transmission line with infinite length and characteristic impedance z0.
This concept is very important for the design of matching circuits.

2.1.2 Basis-Dependent Scattering Parameters of a One-Port Network

Since an equivalent impedance is found at z = −l in Fig. 2.2, a one-port equiv-
alent network is obtained from the uniform transmission line in Fig. 2.2. Thus,
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the concepts related to the reflection coefficients of the transmission line can be
applied to those of the one-port network N . The one-port network N of Fig. 2.3(a)
is characterized by its driving point impedance Z(p), where p denotes jω. It is
driven by a voltage source Vg(p) in series with its reference impedance z(p).
The amount of power transferred from the source into the one-port network N

depends on the impedance Z(p), and the maximum power absorbed by the one-
port network N is obtained with Z(jω) = z∗(jω), where z∗(jω) is the complex
conjugate of z(jω). When Z(jω) = z∗(jω), the one-port network N is said to
be conjugately matched to the load.

Like the case of transmission-line theory, the actual terminal voltage V (p)

in Fig. 2.3(a) is the sum of an incident voltage Vi(p) and a reflected voltage
Vr(p), and the actual terminal current I (p) is that of an incident current Ii(p)

and a reflected current Ir(p). The incident current and voltage are those that
appear under the optimal power-matching conditions. Thus, they are completely
dependent on the loads, and Fig. 2.3(b) shows that the one-port network N is
conjugately matched. From the Fig. 2.3(b), the relations between voltages and
currents are obtained as

Vi(p) = [z(p) + z∗(p)]−1Vg(p)z∗(p), (2.5a)

Ii(p) = [z(p) + z∗(p)]−1Vg(p). (2.5b)

The matched load z∗(p) is found from (2.5) as

Vi(p) = z∗(p)Ii(p). (2.6)

As in (2.2), the reflected voltage Vr(p) and current Ir(p) are given as

Vr(p) = V (p) − Vi(p), (2.7a)

−Ir(p) = I (p) − Ii(p). (2.7b)

[N ]

z*(p)

Ii(p)

I(p)

Ir(p)
N

Z(p)

Vi(p)

Vr(p)
V(p)

Vg(p)

z(p)

Vg(p)

z(p)

Ii(p)

Vi(p)

(a) (b)

FIGURE 2.3 One-port networks: (a) characterized by its impedance Z(p); (b) with the
optimal power-matching condition.
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The voltage- and current-basis reflection coefficients �V (p) and �I (p) are defined
according to the relations

Vr(p) = �V (p)Vi(p), (2.8a)

Ir(p) = �I (p)Ii(p). (2.8b)

The reflection coefficients �V (p) and �I (p) are also referred to as voltage- and
current-basis scattering parameters, respectively, of the one-port network N . In
a similar way, �I (p) and �V (p) are

�I (p) = [Z(p) + z(p)]−1[Z(p) − z∗(p)], (2.9)

�V (p) = −[Y (p) + y(p)]−1[Y (p) − y∗(p)]. (2.10)

Comparing (2.9) with (2.10) yields

�V (p)z∗(p) = z(p)�I (p). (2.11)

�I (p) is the same as �V (p) only when the reference impedance z(p) is real,
but they are in general different. On the real-frequency axis, they differ only by
the phase, which is equal to twice the angle of the reference impedance z(p).
Both reflection coefficients are zero under optimal power-matching conditions,
Z(p) = z∗(p), and are related to the reference impedance z(p) itself. It means
that the incident waves see the impedance z∗(p) and that the reflected waves see
the reference impedance z(p) itself.

2.1.3 Voltage- and Current-Basis Scattering Matrices of n-Port Networks

The reflection coefficients or scattering parameters of a one-port network have
been discussed in detail. These concepts can be extended easily to an n-port
network, and the scattering matrix of an n-port network is merely the matrix
version of reflection coefficients of the one-port network. Figure 2.4 shows an n-
port network N and its open-circuit impedance matrix Z(p). Each of the n ports
of N is loaded by a passive impedance zk(p) in series with a voltage source
Vgk(p). Since all elements of zk(p) are strictly passive, zk(p) + zk∗(p) cannot
be identically zero.

The voltages, currents, and sources in Fig. 2.4 are represented by the vectors
and related by the equation

Vg(p) = V (p) + z (p)I (p) = [Z (p) + z (p)]I (p), (2.12)

where

V (p) =




V1(p)

V2(p)

...

Vn(p)


 , I (p) =




I1(p)

I2(p)

...

In(p)


 , Vg(p) =




Vg1(p)

Vg2(p)

...

Vgn(p)


 , (2.13)
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N

Z( p)

Vg1(p)

z1(p) I1(p)

V1(p)

zk(p)

Vgk(p)

Ik(p)

Vk(p)

V gn
(p

)

z n
(p

)
V n

(p
)

I n
(p

)

V
g2 (p) z

2 (p)

V
2 (p)

I2 (p)

FIGURE 2.4 An n-port network N for current quantities.

and the reference impedance matrix z (p) of N is given as

z (p) =




z1(p) 0 . . . 0

0 z2(p) 0 0
...

...
. . .

...

0 0 · · · zn(p)


 , (2.14)

whose kk th element is the reference impedance zk(p) of the kth port.
The concepts used for a one-port network can be applied to the scatter-

ing matrix of n-port network N . The incident voltage vector and incident cur-
rent vector represent voltages Vi1(p), Vi2(p), . . . , Vin(p) and currents Ii1(p),
Ii2(p), . . . , Iin(p), respectively, and they would appear at the terminals of the n-
ports under the optimal power-matching conditions. Figure 2.5 shows the n-port
network N terminated in optimal loads. Like the one-port case, the incident-
voltage and incident-current vectors are represented by the equations

Vi (p) = z∗(p)Ii (p), (2.15a)

Vg(p) = [z (p) + z∗(p)]Ii (p), (2.15b)

where z (p) + z∗(p) is not identically singular with the passive loads. The reflected
voltage vector Vr (p) and the reflected current vector Ir (p), defined by the dif-
ference between the actual quantities and incident quantities, are given as

Vr (p) = V (p) − Vi (p), (2.16a)

−Ir (p) = I (p) − Ii (p). (2.16b)
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Vg1(p)

z1(p) zk(p)

Vgk(p)

V gn
(p

)

z n
(p

)

V in
(p

)
I in

(p
)

V
g2 (p)

z
2 (p)

V
i2 (p)

I
i2 (p)

z1*(p) zk*(p)Vi1(p)

Ii1(p)

Vik(p)

Iik(p)

FIGURE 2.5 Matched n-port network for current quantities.

The matrix S V relating the ratio of the reflected-voltage vector Vr (p) to the
incident-voltage vector Vi (p),

Vr (p) = S V (p)Vi (p), (2.17)

is called the voltage-basis scattering matrix. Similarly, the matrix S I relating the
reflected-current vector Ir (p) to the incident-current vector Ii (p),

Ir (p) = S I (p)Ii (p), (2.18)

is called the current-basis scattering matrix. The elements of S V (p) and S I (p)

are referred to as the current- and voltage-basis scattering parameters of the n-
port network. Using (2.15), (2.16), and (2.18), the S I (p) is, in terms of Z (p)

and z (p), derived as

S I (p) = Un − [Z (p) + z (p)]−1[z (p) + z∗(p)]

= [Z (p) + z (p)]−1[Z (p) − z∗(p)], (2.19)

based on

Ir (p) = −I (p) + Ii (p) = −[Z (p) + z (p)]−1Vg(p) + Ii (p), (2.20)

where Un denotes an identity matrix of order n.


