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PREFACE

The application of density functional theory (DFT) calculations is rapidly
becoming a “standard tool” for diverse materials modeling problems in
physics, chemistry, materials science, and multiple branches of engineering.
Although a number of highly detailed books and articles on the theoretical
foundations of DFT are available, it remains difficult for a newcomer to
these methods to rapidly learn the tools that allow him or her to actually
perform calculations that are now routine in the fields listed above. This
book aims to fill this gap by guiding the reader through the applications of
DFT that might be considered the core of continually growing scientific litera-
ture based on these methods. Each chapter includes a series of exercises to give
readers experience with calculations of their own.

We have aimed to find a balance between brevity and detail that makes it
possible for readers to realistically plan to read the entire text. This balance
inevitably means certain technical details are explored in a limited way. Our
choices have been strongly influenced by our interactions over multiple
years with graduate students and postdocs in chemical engineering, physics,
chemistry, materials science, and mechanical engineering at Carnegie
Mellon University and the Georgia Institute of Technology. A list of Further
Reading is provided in each chapter to define appropriate entry points to
more detailed treatments of the area. These reading lists should be viewed
as identifying highlights in the literature, not as an effort to rigorously cite
all relevant work from the thousands of studies that exist on these topics.

xi



One important choice we made to limit the scope of the book was to focus
solely on one DFTmethod suitable for solids and spatially extended materials,
namely plane-wave DFT. Although many of the foundations of plane-wave
DFT are also relevant to complementary approaches used in the chemistry
community for isolated molecules, there are enough differences in the appli-
cations of these two groups of methods that including both approaches
would only have been possible by significantly expanding the scope of the
book. Moreover, several resources already exist that give a practical “hands-
on” introduction to computational chemistry calculations for molecules.

Our use of DFT calculations in our own research and our writing of
this book has benefited greatly from interactions with numerous colleagues
over an extended period. We especially want to acknowledge J. Karl
Johnson (University of Pittsburgh), Aravind Asthagiri (University of
Florida), Dan Sorescu (National Energy Technology Laboratory), Cathy
Stampfl (University of Sydney), John Kitchin (Carnegie Mellon University),
and Duane Johnson (University of Illinois). We thank Jeong-Woo Han for
his help with a number of the figures. Bill Schneider (University of Notre
Dame), Ken Jordan (University of Pittsburgh), and Taku Watanabe
(Georgia Institute of Technology) gave detailed and helpful feedback on
draft versions. Any errors or inaccuracies in the text are, of course, our
responsibility alone.

DSS dedicates this book to his father and father-in-law, whose love of
science and curiosity about the world are an inspiration. JAS dedicates this
book to her husband, son, and daughter.

DAVID SHOLL

Georgia Institute of Technology,
Atlanta, GA, USA

JAN STECKEL

National Energy Technology Laboratory,
Pittsburgh, PA, USA
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1
WHAT IS DENSITY FUNCTIONAL
THEORY?

1.1 HOW TO APPROACH THIS BOOK

There are many fields within the physical sciences and engineering where the
key to scientific and technological progress is understanding and controlling
the properties of matter at the level of individual atoms and molecules.
Density functional theory is a phenomenally successful approach to finding
solutions to the fundamental equation that describes the quantum behavior
of atoms and molecules, the Schrödinger equation, in settings of practical
value. This approach has rapidly grown from being a specialized art practiced
by a small number of physicists and chemists at the cutting edge of quantum
mechanical theory to a tool that is used regularly by large numbers of research-
ers in chemistry, physics, materials science, chemical engineering, geology,
and other disciplines. A search of the Science Citation Index for articles pub-
lished in 1986 with thewords “density functional theory” in the title or abstract
yields less than 50 entries. Repeating this search for 1996 and 2006 gives more
than 1100 and 5600 entries, respectively.

Our aim with this book is to provide just what the title says: an introduction
to using density functional theory (DFT) calculations in a practical context.
We do not assume that you have done these calculations before or that you
even understand what they are. We do assume that you want to find out
what is possible with these methods, either so you can perform calculations
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yourself in a research setting or so you can interact knowledgeably with
collaborators who use these methods.

An analogy related to cars may be useful here. Before you learned how to
drive, it was presumably clear to you that you can accomplish many useful
things with the aid of a car. For you to use a car, it is important to understand
the basic concepts that control cars (you need to put fuel in the car regularly,
you need to follow basic traffic laws, etc.) and spend time actually driving a car
in a variety of road conditions. You do not, however, need to know every detail
of how fuel injectors work, how to construct a radiator system that efficiently
cools an engine, or any of the other myriad of details that are required if you
were going to actually build a car. Many of these details may be important
if you plan on undertaking some especially difficult car-related project such
as, say, driving yourself across Antarctica, but you can make it across town
to a friend’s house and back without understanding them.

With this book, we hope you can learn to “drive across town” when doing
your own calculations with a DFT package or when interpreting other people’s
calculations as they relate to physical questions of interest to you. If you are
interested in “building a better car” by advancing the cutting edge of
method development in this area, then we applaud your enthusiasm. You
should continue reading this chapter to find at least one surefire project that
could win you a Nobel prize, then delve into the books listed in the Further
Reading at the end of the chapter.

At the end of most chapters we have given a series of exercises, most of
which involve actually doing calculations using the ideas described in the
chapter. Your knowledge and ability will grow most rapidly by doing rather
than by simply reading, so we strongly recommend doing as many of the exer-
cises as you can in the time available to you.

1.2 EXAMPLES OF DFT IN ACTION

Before we even define what density functional theory is, it is useful to relate a
few vignettes of how it has been used in several scientific fields. We have
chosen three examples from three quite different areas of science from the
thousands of articles that have been published using these methods. These
specific examples have been selected because they show how DFT calcu-
lations have been used to make important contributions to a diverse range of
compelling scientific questions, generating information that would be essen-
tially impossible to determine through experiments.

1.2.1 Ammonia Synthesis by Heterogeneous Catalysis

Our first example involves an industrial process of immense importance: the
catalytic synthesis of ammonia (NH3). Ammonia is a central component of
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fertilizers for agriculture, and more than 100 million tons of ammonia are
produced commercially each year. By some estimates, more than 1% of all
energy used in the world is consumed in the production of ammonia. The
core reaction in ammonia production is very simple:

N2 þ 3H2 �! 2NH3:

To get this reaction to proceed, the reaction is performed at high tempera-
tures (.4008C) and high pressures (.100 atm) in the presence of metals
such as iron (Fe) or ruthenium (Ru) that act as catalysts. Although these
metal catalysts were identified by Haber and others almost 100 years ago,
much is still not known about the mechanisms of the reactions that occur on
the surfaces of these catalysts. This incomplete understanding is partly because
of the structural complexity of practical catalysts. To make metal catalysts with
high surface areas, tiny particles of the active metal are dispersed throughout
highly porous materials. This was a widespread application of nanotechno-
logy long before that name was applied to materials to make them sound
scientifically exciting! To understand the reactivity of a metal nanoparticle,
it is useful to characterize the surface atoms in terms of their local coordination
since differences in this coordination can create differences in chemical
reactivity; surface atoms can be classified into “types” based on their local
coordination. The surfaces of nanoparticles typically include atoms of various
types (based on coordination), so the overall surface reactivity is a compli-
cated function of the shape of the nanoparticle and the reactivity of each
type of atom.

The discussion above raises a fundamental question: Can a direct connec-
tion be made between the shape and size of a metal nanoparticle and its activity
as a catalyst for ammonia synthesis? If detailed answers to this question can be
found, then they can potentially lead to the synthesis of improved catalysts.
One of the most detailed answers to this question to date has come from the
DFT calculations of Honkala and co-workers,1 who studied nanoparticles of
Ru. Using DFT calculations, they showed that the net chemical reaction
above proceeds via at least 12 distinct steps on a metal catalyst and that the
rates of these steps depend strongly on the local coordination of the metal
atoms that are involved. One of the most important reactions is the breaking
of the N2 bond on the catalyst surface. On regions of the catalyst surface
that were similar to the surfaces of bulk Ru (more specifically, atomically
flat regions), a great deal of energy is required for this bond-breaking reaction,
implying that the reaction rate is extremely slow. Near Ru atoms that form a
common kind of surface step edge on the catalyst, however, a much smaller
amount of energy is needed for this reaction. Honkala and co-workers used
additional DFT calculations to predict the relative stability of many different
local coordinations of surface atoms in Ru nanoparticles in a way that allowed
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them to predict the detailed shape of the nanoparticles as a function of particle
size. This prediction makes a precise connection between the diameter of a Ru
nanoparticle and the number of highly desirable reactive sites for breaking N2

bonds on the nanoparticle. Finally, all of these calculations were used to
develop an overall model that describes how the individual reaction rates for
the many different kinds of metal atoms on the nanoparticle’s surfaces
couple together to define the overall reaction rate under realistic reaction con-
ditions. At no stage in this process was any experimental data used to fit or
adjust the model, so the final result was a truly predictive description of the
reaction rate of a complex catalyst. After all this work was done, Honkala
et al. compared their predictions to experimental measurements made with
Ru nanoparticle catalysts under reaction conditions similar to industrial con-
ditions. Their predictions were in stunning quantitative agreement with the
experimental outcome.

1.2.2 Embrittlement of Metals by Trace Impurities

It is highly likely that as you read these words you are within 1 m of a large
number of copper wires since copper is the dominant metal used for carrying
electricity between components of electronic devices of all kinds. Aside from
its low cost, one of the attractions of copper in practical applications is that it is
a soft, ductile metal. Common pieces of copper (and other metals) are almost
invariably polycrystalline, meaning that they are made up of many tiny
domains called grains that are each well-oriented single crystals. Two neigh-
boring grains have the same crystal structure and symmetry, but their orien-
tation in space is not identical. As a result, the places where grains touch
have a considerably more complicated structure than the crystal structure of
the pure metal. These regions, which are present in all polycrystalline materials,
are called grain boundaries.

It has been known for over 100 years that adding tiny amounts of certain
impurities to copper can change the metal from being ductile to a material
that will fracture in a brittle way (i.e., without plastic deformation before the
fracture). This occurs, for example, when bismuth (Bi) is present in copper
(Cu) at levels below 100 ppm. Similar effects have been observed with lead
(Pb) or mercury (Hg) impurities. But how does this happen? Qualitatively,
when the impurities cause brittle fracture, the fracture tends to occur at grain
boundaries, so something about the impurities changes the properties of
grain boundaries in a dramatic way. That this can happen at very low concen-
trations of Bi is not completely implausible because Bi is almost completely
insoluble in bulk Cu. This means that it is very favorable for Bi atoms to seg-
regate to grain boundaries rather than to exist inside grains, meaning that the
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local concentration of Bi at grain boundaries can be much higher than the net
concentration in the material as a whole.

Can the changes in copper caused by Bi be explained in a detailed way? As
you might expect for an interesting phenomena that has been observed over
many years, several alternative explanations have been suggested. One class
of explanations assigns the behavior to electronic effects. For example, a Bi
atom might cause bonds between nearby Cu atoms to be stiffer than they are
in pure Cu, reducing the ability of the Cu lattice to deform smoothly. A
second type of electronic effect is that having an impurity atom next to a
grain boundary could weaken the bonds that exist across a boundary by chan-
ging the electronic structure of the atoms, which would make fracture at the
boundary more likely. A third explanation assigns the blame to size effects,
noting that Bi atoms are much larger than Cu atoms. If a Bi atom is present
at a grain boundary, then it might physically separate Cu atoms on the other
side of the boundary from their natural spacing. This stretching of bond dis-
tances would weaken the bonds between atoms and make fracture of the
grain boundary more likely. Both the second and third explanations involve
weakening of bonds near grain boundaries, but they propose different root
causes for this behavior. Distinguishing between these proposed mechanisms
would be very difficult using direct experiments.

Recently, Schweinfest, Paxton, and Finnis used DFT calculations to offer a
definitive description of how Bi embrittles copper; the title of their study gives
away the conclusion.2 They first used DFT to predict stress–strain relationships
for pure Cu and Cu containing Bi atoms as impurities. If the bond stiffness argu-
ment outlined above was correct, the elastic moduli of the metal should be
increased by adding Bi. In fact, the calculations give the opposite result, immedi-
ately showing the bond-stiffening explanation to be incorrect. In a separate and
muchmore challenging series of calculations, theyexplicitly calculated the cohe-
sion energy of a particular grain boundary that is known experimentally to be
embrittled by Bi. In qualitative consistency with experimental observations,
the calculations predicted that the cohesive energy of the grain boundary is
greatly reduced by the presence of Bi. Crucially, the DFT results allow the elec-
tronic structure of the grain boundary atoms to be examined directly. The result is
that the grain boundary electronic effect outlined above was found to not be the
cause of embrittlement. Instead, the large change in the properties of the grain
boundary could be understood almost entirely in terms of the excess volume
introduced by the Bi atoms, that is, by a size effect. This reasoning suggests
that Cu should be embrittled by any impurity that has a much larger atomic
size than Cu and that strongly segregates to grain boundaries. This description
in fact correctly describes the properties of both Pb and Hg as impurities in
Cu, and, as mentioned above, these impurities are known to embrittle Cu.
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1.2.3 Materials Properties for Modeling Planetary Formation

To develop detailed models of how planets of various sizes have formed, it is
necessary to know (among many other things) what minerals exist inside
planets and how effective these minerals are at conducting heat. The extreme
conditions that exist inside planets pose some obvious challenges to probing
these topics in laboratory experiments. For example, the center of Jupiter
has pressures exceeding 40Mbar and temperatures well above 15,000 K.
DFT calculations can play a useful role in probing material properties at
these extreme conditions, as shown in the work of Umemoto, Wentzcovitch,
and Allen.3 This work centered on the properties of bulk MgSiO3, a silicate
mineral that is important in planet formation. At ambient conditions,
MgSiO3 forms a relatively common crystal structure known as a perovskite.
Prior to Umemoto et al.’s calculations, it was known that if MgSiO3 was
placed under conditions similar to those in the core–mantle boundary of
Earth, it transforms into a different crystal structure known as the CaIrO3 struc-
ture. (It is conventional to name crystal structures after the first compound dis-
covered with that particular structure, and the naming of this structure is an
example of this convention.)

Umemoto et al. wanted to understand what happens to the structure of
MgSiO3 at conditions much more extreme than those found in Earth’s
core–mantle boundary. They used DFT calculations to construct a phase
diagram that compared the stability of multiple possible crystal structures
of solid MgSiO3. All of these calculations dealt with bulk materials. They
also considered the possibility that MgSiO3 might dissociate into other
compounds. These calculations predicted that at pressures of �11Mbar,
MgSiO3 dissociates in the following way:

MgSiO3 [CaIrO3 structure] �! MgO [CsCl structure]

þ SiO2 [cotunnite structure]:

In this reaction, the crystal structure of each compound has been noted in the
square brackets. An interesting feature of the compounds on the right-hand
side is that neither of them is in the crystal structure that is the stable structure
at ambient conditions. MgO, for example, prefers the NaCl structure at ambi-
ent conditions (i.e., the same crystal structure as everyday table salt). The beha-
vior of SiO2 is similar but more complicated; this compound goes through
several intermediate structures between ambient conditions and the conditions
relevant for MgSiO3 dissociation. These transformations in the structures of
MgO and SiO2 allow an important connection to be made between DFT cal-
culations and experiments since these transformations occur at conditions that
can be directly probed in laboratory experiments. The transition pressures
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predicted using DFT and observed experimentally are in good agreement,
giving a strong indication of the accuracy of these calculations.

The dissociation reaction predicted by Umemoto et al.’s calculations has
important implications for creating good models of planetary formation. At
the simplest level, it gives new information about what materials exist inside
large planets. The calculations predict, for example, that the center of Uranus
or Neptune can contain MgSiO3, but that the cores of Jupiter or Saturn will
not. At a more detailed level, the thermodynamic properties of the materials
can be used to model phenomena such as convection inside planets.
Umemoto et al. speculated that the dissociation reaction above might severely
limit convection inside “dense-Saturn,” a Saturn-like planet that has been
discovered outside the solar system with a mass of �67 Earth masses.

A legitimate concern about theoretical predictions like the reaction above is
that it is difficult to envision how they can be validated against experimental
data. Fortunately, DFT calculations can also be used to search for similar types
of reactions that occur at pressures that are accessible experimentally. By using
this approach, it has been predicted that NaMgF3 goes through a series of trans-
formations similar to MgSiO3; namely, a perovskite to postperovskite transition
at some pressure above ambient and then dissociation inNaF andMgF2 at higher
pressures.4 This dissociation is predicted to occur for pressures around 0.4Mbar,
far lower than the equivalent pressure for MgSiO3. These predictions suggest an
avenue for direct experimental tests of the transformation mechanism that DFT
calculations have suggested plays a role in planetary formation.

We could fill many more pages with research vignettes showing how DFT
calculations have had an impact in many areas of science. Hopefully, these
three examples give some flavor of the ways in which DFT calculations can
have an impact on scientific understanding. It is useful to think about the
common features between these three examples. All of them involve materials
in their solid state, although the first example was principally concerned with
the interface between a solid and a gas. Each example generated information
about a physical problem that is controlled by the properties of materials on
atomic length scales that would be (at best) extraordinarily challenging to
probe experimentally. In each case, the calculations were used to give infor-
mation not just about some theoretically ideal state, but instead to understand
phenomena at temperatures, pressures, and chemical compositions of direct
relevance to physical applications.

1.3 THE SCHRÖDINGER EQUATION

By now we have hopefully convinced you that density functional theory
is a useful and interesting topic. But what is it exactly? We begin with
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the observation that one of the most profound scientific advances of the
twentieth century was the development of quantum mechanics and the
repeated experimental observations that confirmed that this theory of matter
describes, with astonishing accuracy, the universe in which we live.

In this section, we begin a review of some key ideas from quantum mech-
anics that underlie DFT (and other forms of computational chemistry). Our
goal here is not to present a complete derivation of the techniques used in
DFT. Instead, our goal is to give a clear, brief, introductory presentation of
the most basic equations important for DFT. For the full story, there are a
number of excellent texts devoted to quantum mechanics listed in the
Further Reading section at the end of the chapter.

Let us imagine a situation where we would like to describe the properties
of some well-defined collection of atoms—you could think of an isolated
molecule or the atoms defining the crystal of an interesting mineral. One of
the fundamental things we would like to know about these atoms is their
energy and, more importantly, how their energy changes if we move the
atoms around. To define where an atom is, we need to define both where its
nucleus is and where the atom’s electrons are. A key observation in applying
quantum mechanics to atoms is that atomic nuclei are much heavier than indi-
vidual electrons; each proton or neutron in a nucleus has more than 1800 times
the mass of an electron. This means, roughly speaking, that electrons respond
much more rapidly to changes in their surroundings than nuclei can. As a
result, we can split our physical question into two pieces. First, we solve,
for fixed positions of the atomic nuclei, the equations that describe the electron
motion. For a given set of electrons moving in the field of a set of nuclei, we
find the lowest energy configuration, or state, of the electrons. The lowest
energy state is known as the ground state of the electrons, and the separation
of the nuclei and electrons into separate mathematical problems is the Born–
Oppenheimer approximation. If we have M nuclei at positions R1, . . . , RM ,
then we can express the ground-state energy, E, as a function of the
positions of these nuclei, E(R1, . . . , RM). This function is known as the
adiabatic potential energy surface of the atoms. Once we are able to
calculate this potential energy surface we can tackle the original problem
posed above—how does the energy of the material change as we move its
atoms around?

One simple form of the Schrödinger equation—more precisely, the time-
independent, nonrelativistic Schrödinger equation—you may be familiar
with is Hc ¼ Ec. This equation is in a nice form for putting on a T-shirt or
a coffee mug, but to understand it better we need to define the quantities
that appear in it. In this equation, H is the Hamiltonian operator and c is a
set of solutions, or eigenstates, of the Hamiltonian. Each of these solutions,
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cn, has an associated eigenvalue, En, a real number� that satisfies the
eigenvalue equation. The detailed definition of the Hamiltonian depends on
the physical system being described by the Schrödinger equation. There are
several well-known examples like the particle in a box or a harmonic oscillator
where the Hamiltonian has a simple form and the Schrödinger equation can be
solved exactly. The situation we are interested in where multiple electrons are
interacting with multiple nuclei is more complicated. In this case, a more
complete description of the Schrödinger is

� h�2
2m

XN
i¼1

r2
i þ

XN
i¼1

V(ri)þ
XN
i¼1

X
j,i

U(ri, rj)

" #
c ¼ Ec: (1:1)

Here, m is the electron mass. The three terms in brackets in this equation
define, in order, the kinetic energy of each electron, the interaction energy
between each electron and the collection of atomic nuclei, and the interaction
energy between different electrons. For the Hamiltonian we have chosen, c is
the electronic wave function, which is a function of each of the spatial coordi-
nates of each of the N electrons, so c ¼ c(r1, . . . , rN), and E is the ground-
state energy of the electrons.�� The ground-state energy is independent of
time, so this is the time-independent Schrödinger equation.†

Although the electron wave function is a function of each of the coordinates
of all N electrons, it is possible to approximate c as a product of individual
electron wave functions, c ¼ c1(r)c2(r), . . . , cN(r). This expression for the
wave function is known as a Hartree product, and there are good motivations
for approximating the full wave function into a product of individual one-
electron wave functions in this fashion. Notice that N, the number of electrons,
is considerably larger thanM, the number of nuclei, simply because each atom
has one nucleus and lots of electrons. If wewere interested in a single molecule
of CO2, the full wave function is a 66-dimensional function (3 dimensions for
each of the 22 electrons). If wewere interested in a nanocluster of 100 Pt atoms,
the full wave function requires more the 23,000 dimensions! These numbers
should begin to give you an idea about why solving the Schrödinger equation
for practical materials has occupied many brilliant minds for a good fraction
of a century.

�The value of the functions cn are complex numbers, but the eigenvalues of the Schrödinger
equation are real numbers.
��
For clarity of presentation, we have neglected electron spin in our description. In a complete

presentation, each electron is defined by three spatial variables and its spin.
†The dynamics of electrons are defined by the time-dependent Schrödinger equation,

i�h(@c=@t) ¼ Hc. The appearance of i ¼ ffiffiffiffiffiffiffi�1
p

in this equationmakes it clear that thewave func-
tion is a complex-valued function, not a real-valued function.
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The situation looks even worse when we look again at the Hamiltonian, H.
The term in the Hamiltonian defining electron–electron interactions is the
most critical one from the point of view of solving the equation. The form
of this contribution means that the individual electron wave function we
defined above, ci(r), cannot be found without simultaneously considering
the individual electron wave functions associated with all the other electrons.
In other words, the Schrödinger equation is a many-body problem.

Although solving the Schrödinger equation can be viewed as the fundamen-
tal problem of quantum mechanics, it is worth realizing that the wave function
for any particular set of coordinates cannot be directly observed. The quantity
that can (in principle) be measured is the probability that the N electrons are at
a particular set of coordinates, r1, . . . , rN . This probability is equal to
c�(r1, . . . , rN)c(r1, . . . , rN), where the asterisk indicates a complex conju-
gate. A further point to notice is that in experiments we typically do not
care which electron in the material is labeled electron 1, electron 2, and so
on. Moreover, even if we did care, we cannot easily assign these labels.
This means that the quantity of physical interest is really the probability that
a set of N electrons in any order have coordinates r1, . . . , rN . A closely related
quantity is the density of electrons at a particular position in space, n(r). This
can be written in terms of the individual electron wave functions as

n(r) ¼ 2
X
i

c�
i (r)ci(r): (1:2)

Here, the summation goes over all the individual electron wave functions that
are occupied by electrons, so the term inside the summation is the probability
that an electron in individual wave function ci(r) is located at position r. The
factor of 2 appears because electrons have spin and the Pauli exclusion prin-
ciple states that each individual electron wave function can be occupied by
two separate electrons provided they have different spins. This is a purely
quantum mechanical effect that has no counterpart in classical physics. The
point of this discussion is that the electron density, n(r), which is a function
of only three coordinates, contains a great amount of the information that is
actually physically observable from the full wave function solution to the
Schrödinger equation, which is a function of 3N coordinates.

1.4 DENSITY FUNCTIONAL THEORY—FROM WAVE
FUNCTIONS TO ELECTRON DENSITY

The entire field of density functional theory rests on two fundamental math-
ematical theorems proved by Kohn and Hohenberg and the derivation of a
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set of equations byKohn and Sham in themid-1960s. The first theorem, proved
by Hohenberg and Kohn, is: The ground-state energy from Schrödinger’s
equation is a unique functional of the electron density.

This theorem states that there exists a one-to-one mapping between the
ground-state wave function and the ground-state electron density. To appreci-
ate the importance of this result, you first need to know what a “functional” is.
As you might guess from the name, a functional is closely related to the more
familiar concept of a function. A function takes a value of a variable or vari-
ables and defines a single number from those variables. A simple example of a
function dependent on a single variable is f (x) ¼ x2 þ 1. A functional is
similar, but it takes a function and defines a single number from the function.
For example,

F[ f ] ¼
ð1
�1

f (x) dx,

is a functional of the function f (x). If we evaluate this functional using
f (x) ¼ x2 þ 1, we get F[ f ] ¼ 8

3. So we can restate Hohenberg and Kohn’s
result by saying that the ground-state energy E can be expressed as E[n(r)],
where n(r) is the electron density. This is why this field is known as density
functional theory.

Another way to restate Hohenberg and Kohn’s result is that the ground-state
electron density uniquely determines all properties, including the energy and
wave function, of the ground state. Why is this result important? It means that
we can think about solving the Schrödinger equation by finding a function of
three spatial variables, the electron density, rather than a function of 3N vari-
ables, the wave function. Here, by “solving the Schrödinger equation” we
mean, to say it more precisely, finding the ground-state energy. So for a
nanocluster of 100 Pd atoms the theorem reduces the problem from something
with more than 23,000 dimensions to a problem with just 3 dimensions.

Unfortunately, although the first Hohenberg–Kohn theorem rigorously
proves that a functional of the electron density exists that can be used to
solve the Schrödinger equation, the theorem says nothing about what the func-
tional actually is. The second Hohenberg–Kohn theorem defines an important
property of the functional: The electron density that minimizes the energy of
the overall functional is the true electron density corresponding to the full sol-
ution of the Schrödinger equation. If the “true” functional form were known,
then we could vary the electron density until the energy from the functional is
minimized, giving us a prescription for finding the relevant electron density.
This variational principle is used in practice with approximate forms of
the functional.
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A useful way to write down the functional described by the Hohenberg–
Kohn theorem is in terms of the single-electron wave functions, ci(r).
Remember from Eq. (1.2) that these functions collectively define the electron
density, n(r). The energy functional can be written as

E[{ci}] ¼ Eknown[{ci}]þ EXC[{ci}], (1:3)

where we have split the functional into a collection of terms we can write down
in a simple analytical form, Eknown[{ci}], and everything else, EXC. The
“known” terms include four contributions:

Eknown[{ci}] ¼ � h�2
m

X
i

ð
c�
ir2cid

3r þ
ð
V(r)n(r) d3r

þ e2

2

ð ð
n(r)n(r0)
jr� r0j d3r d3r0 þ Eion: (1:4)

The terms on the right are, in order, the electron kinetic energies, the Coulomb
interactions between the electrons and the nuclei, the Coulomb interactions
between pairs of electrons, and the Coulomb interactions between pairs of
nuclei. The other term in the complete energy functional, EXC[{ci}], is the
exchange–correlation functional, and it is defined to include all the quantum
mechanical effects that are not included in the “known” terms.

Let us imagine for now that we can express the as-yet-undefined exchange–
correlation energy functional in some useful way. What is involved in finding
minimum energy solutions of the total energy functional? Nothing we have
presented so far really guarantees that this task is any easier than the formid-
able task of fully solving the Schrödinger equation for the wave function.
This difficulty was solved by Kohn and Sham, who showed that the task of
finding the right electron density can be expressed in a way that involves sol-
ving a set of equations in which each equation only involves a single electron.

The Kohn–Sham equations have the form

� h�2
2m

r2 þ V(r)þ VH(r)þ VXC(r)
� �

ci(r) ¼ 1ici(r): (1:5)

These equations are superficially similar to Eq. (1.1). The main difference is
that the Kohn–Sham equations are missing the summations that appear
inside the full Schrödinger equation [Eq. (1.1)]. This is because the solution
of the Kohn–Sham equations are single-electron wave functions that
depend on only three spatial variables, ci(r). On the left-hand side of the
Kohn–Sham equations there are three potentials, V, VH, and VXC. The first
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