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“This book is dedicated to my wife - Phyllis Dew Kaye, who has 
enriched my walk through the Dimensions of Life.’7 
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Preface to the Second Edition 

The response of readers to the first edition of this book on randomwalk modelling 
of fractal systems has been most gratifying. It has been a pleasure to receive letters from 
many people all over the world expressing interest in the subject matter and suggesting 
improvements for a second edition. Because of pressing demands on my time it was 
decided that in order to meet deadlines for a second edition the only feasible strategy 
was to add an extensive bibliography of the rapidly developing applications of fractal 
geometry. 

Indeed, since the first edition of the book it is now becoming apparent that it is useful 
to differentiate between pure fractal geometry resplendent with Mandelbrot sets and 
Julian sets, the exotic coloured patterns of which make Joseph’s coat of many colours 
look drab, and the prosaic down to earth measurement of the fractal dimensions of 
broken rocks and sooty fineparticles. Elsewhere I have explored the basic theory underly- 
ing Mandelbrot’s exotic coloured set (Chaos & Complexity, VCH, 1993) and I continue 
to collect applications of fractal geometry to materials science and allied subjects, which 
hopefully will be described in detail at some future date. Accordingly I would like to in- 
vite people to write to me if they have new applications of fractal geometry that have 
escaped my attention. In structuring the bibliography 1 decided to order the list accor- 
ding to author name, since it would have been too big a task to identify appropriate key 
words for each paper. 

I would like to thank Dr. Ute Anton and Dr. Peter Gregory for their enthusiasm and 
support in the development of the second edition of this book, and I hope that the topic 
continues to fascinate many people. As always my thanks go to Garry Clark for his en- 
thusiastic support and work on the bibliography. 

Sudbury 
December 1993 

B. H. Kaye 



Preface to the First Edition 

I am not sure whether one should write the preface of a book before or after one has 
completed the book. I have written this preface after I have written the book. Now that 
it is finished I am rather nervous of some of the simplifications that I have had to make 
in my presentation of complex ideas. I am reminded of the Italian proverb that “the 
translator is a traitor”. When trying to simplify complex ideas one has to make simple 
statements which if one were to be making them in a professional context would be 
surrounded by cautionary statements and other comments on the limitations of the 
statements. Furthermore fractal geometry is growing so rapidly and ideas are devel- 
oping so quickly that it is easy to make mistakes - if the reader detects mistakes please 
remember that “A man who never made a mistake never made anything”. After using 
my first book (on the Characterization of Fineparticles) in a class, a student handed me 
two pages of corrections to be used in a future edition; hopefully there will not be too 
extensive a list of corrections to be made in a future edition of this book. 

In retrospect, this book appears to be about randomwalk theory as much as about 
fractal geometry - this re-enforces the dictum I give my students - “scratch a fractal 
and you will usually find a randomwalk generative model underlying the fractal form”. 

As I look through some of the recent books on fractal geometry with their brilliant 
pictures of complex fractal sets my book appears pedestrian; this book is not glamorous, 
it is intended for a “first reader” in the nuts and bolts of applied fractal geometry. 
Hopefully readers will bear this intent in mind as they pursue a randomwalk through 
fractal dimensions. 

Sudbury 
January 1989 

B. H. Kaye 
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Coloured Plates 

Plate 1 (Figure 3.54). Computer modelling of the growth of a city leads to the simulation of a 
city outline not unlike that of the sponge fineparticles of Figure 3.l(a) (from M. Batty, “Fractals- 
Geometry Between Dimensions,” New Sci., April 4 (1985) 3 1-35; reproduced by permission of 
M. Batty). 

Plate 2 (Figure 5.27). The use of colour to label early, medium and late time arrivals of pixels 
on the growing dendrite illustrates the growth dynamics of the dendritic structures under different 
electrodeposition conditions. Red pixels denote the early arrival pixels, yellow the pixels that are 
deposited in the middle stage of growth simulation and green denotes the late-arriving pixels 
(reproduced by permission of Richard F. Voss/IBM Research). 

Plate 3 (Figure 5.48). The transition from non percolating systems to percloating systems at 
59.28 lattice occupancy is illustrated by computer simulation studies carried out by R.F. Voss [49, 
541. 
(a) 
(b) 
lattice. 
(c) 
magnification, an essential feature of fractal systems. 
(d) 
clusters existing in the lattice in (a) and (b). 
(Reproduced by permission Richard F. Voss/IBM Research). 

Plate 4 (Figure 5.51). The meaning of the term lacunarity, used to describe a fractally 
constructed, partially occupied two-dimensional system, can be appreciated from the above 
photograph of a 3000 x 3000 units occupied lattice at an occupancy rate of 59.9%. The holes look 
like an aerial photograph of a region rich in lakes. Lacunarity means, “filled with lakes.” 
(Reproduced by permission of Richard F. Voss/IBM Research.) 

Plate 5 (Figure 5.53). The backbone of a fractally constructed cluster is an important property 
of the cluster. The structure of the backbone of a ramified cluster has been studied extensively 
by computer simulated by Voss et al. [54]. 
(a) Lattice cluster at 0.580 occupancy. 
(b) Backbones of clusters in (a). 
(c) Lattice cluster at 0.593 occupancy. 
(d) Backbones of the clusters in (c). 
(e) Lattice cluster at 0.610. 
(f) Backbones of the clusters in (e). 
(Reproduced by permission of Richard F. Voss/IBM Research.) 

Plate 6 (Figure 5.60). Colour coded structures of the agglomerates grown by the MDA and CDA 
by Voss illustrate the stages of the growth of the cluster. Red denotes early stages of growth, 
yellow the intermediate stage of growth and green the last stages of the simulated growth 
(reproduced by permission of Richard F. Voss/IBM Research). 

Plate 7 (Figure 9.11). Dr. Mandelbrot has suggested that Squig type fractal models may be useful 
in modelling dynamic cracking of systems [29, 30, 311 (from B.B. Mandelbrot, “The Fractal 
Geometry of Nature,” W.H. Freeman & Co., San Francisco, 1983. Reproduced by permission of 
B.B. Mandelbrot). 

Cluster build up at lattice occupancy of 59%. 
At a lattice occupancy of 59.30% a complete pathway exists from top to bottom of the 

An enlarged portion of (b) illustrates the self similarity of the occupied lattice at higher 

At a lattice occupancy of 59.60% the continuous cluster has started to “mop up” subsidiary 



XVIII Coloured Plates 

Plate 8 (Figure 10.2.1). The visual beauty of fractal art is one of the reasons for the excitement 
amongst the general public over the discovery of fractal geometry. (The fractal vista shown in 
this figure was created using the theories of fractal geometry by Alan Flook. Reproduced by 
permission of Dr. Alan G. Flook, Unilever Research Laboratory.) 

Plate 9 (Figure 10.2.3). This mathematical microbe appearing in the trade literature of the 
company manufacturing high-resolution microscopes (Tracor Northern) is actually a fractal 
system used to demonstrate the resolution of the electron microscope (photograph courtesy of 
Tracor Northern, Middleton, Wisconsin). 

Plate 10 (Figure 10.2.5). Fractal designs are beginning to appear on greeting cards. 
(a), (b) Front and back of a New Year’s Greeting Card. (Pictures from the greeting card used by 
permission of ACDS Graphics Systems Inc., 100 Edmonton St., 232, Hull (Quebec), Canada, 584 
6N2.) 
(c) Fractal postcard manufactured by Art Matrix Corporation. (Courtesy of Art Matrix Corp. and 
Cornell National Supercomputer Facility, P.O. Box 880, Ithaca, NY., 1485 1-0880.) 

Plate 11 (Figure 10.2.6). The Voss mountains, which have appeared in IBM commercial 
advertising, are a graphic creation out of this world generated by Dr. Richard Voss. (Reproduced 
by permission of Richard F. Voss/IBM Research.) 

Plate 12 (Figure 10.4.3). Many of the pictures generated by satellites surveying the surface of 
the earth manifest fractal structures which may have some significance in determining the origin 
of the various features visible in the field of view [lo]. (Reprinted from GEOS, Vol. 15, No. 3, 
Energy, Mines and Resources Canada.) 

Plate 13 (Figure 10.4.6). A Fractal crystal in gabbro (a type of rock) located in Munro Township, 
Ontario, was discovered by Dr. Fowler of Ottawa University (in the language of the geologist, the 
“fern” is Harristic textured pyroxene) [ 161. 

Plate 14 (Figure 10.7.1). A Fractal front produced by a simulated system of particles diffusing 
on a 256 by 256 pixel screen [2]. (From B. Sapoval, M. Rosso, J.F. Gouyet and J.R. Colonna, 
“Dynamics of the Creation of Fractal Object by Diffusion and l/f Noise,” Solid Stare Zonics, 18 
and 19, pp. 21-30 (1986), North-Holland Physics Publishing, a division of Elsevier Science 
Publishers, Physical Sciences & Engineering Division, Amsterdam, The Netherlands. 
Reproduced by the permission of Elsevier Science Publishers and B. Sapoval.) 
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1 A Starting Point for the 
Randomwalk 

Fractal dimensions were introduced to the English-speaking scientific community in 
1977 by Benoit Mandelbrot, their inventor, in a book entitled “Fractals: Form, Chance 
and Dimensions” [ 11. I became aware of this book through a brochure sent to me by the 
Library of Science Book Club, which operates from New Jersey in the United States. In 
their description of the book, the reviewers for the Library of Science mentioned that 
Mandelbrot discussed in the book the problem of the length of the coastline of Great 
Britain. I did not know what a fractal was, but I did remember seeing an article by 
Mandelbrot on this problem when browsing through the journal Science in the 1960s. 
In his article in Science Mandelbrot had drawn attention to some earlier work by Louis 
Fry Richardson, who had pointed out that a simple question such as, “how long is the 
coastline of Great Britain?,” has no answer apart from an operational description of how 
one estimates the length of the coastline [2]. For example, if one draws the coastline 
of Great Britain as shown in Figure 1.1, one can attempt to measure the length of the 
rugged coastline by striding around the coastline with steps A to create a polygon whose 
perimeter is an estimate of the coastline, as shown in Figure 1.2. In Figure 1.2, three 
different estimates of the coastline of Great Britain, based on polygons of side length 
A,, A2 and A3, are shown. To obtain the estimates of the coast perimeter in dimension- 

( a )  ( b )  ( C )  

Coastline of Britain N order Triadic Island Carbon Black Profile 

Figure 1.1. Richardson pointed out that the problem of measuring the length of a coastline leads 
to the paradox that all coastlines are infinite at infinitely small resolution. Mandelbrot linked this 
paradoxical conclusion to the structure of curves with infinite perimeter such as the Nth-order 
Koch’s triadic island, the structure of which he described by means of fractal dimensions. A 
visual comparison of the structure of a carbonblack agglomerate with the coastline of Great 
Britain and Koch’s triadic island suggests that Mandelbrot’s fractal dimensions may be useful in 
describing the structure of the carbonblack profile. 
(a) Coastline of Great Britain. 
(b) Nth-order of Koch’s triadic island. 
(c) Carbonblack profile at high magnification. 



2 1 A Starting Point for  the Randomwalk 

less form, the perimeter estimates are  normalized by dividing the perimeter of the 
polygon by the maximum projected length of the island, as  illustrated in Figure 1.2. 

In the bottom portion of Figure 1.2, the three estimates of the coastline are plotted on 
a graph having log-log scales. I t  can be  seen that one  can draw a straight line through 
the three points. If one extended the dataline, one would reach the conclusion that the 

6 =1.24 4.01 

2 .o 
0.05 0.1 0.2 

A 

Figure 1.2. In the structured walk procedure for characterizing the fractal dimension of a rugged 
boundary, a series of polygons of side il are constructed on the perimeter using a pair of 
compasses. A plot of P against il on a log-log plot yields a dataline of slope m where 

s = 1 + lnzl 
if the boundary can be described by a fractal dimension. 
A = side of polygon normalized with respect to maximum projected length of the profile. 
P = polygon perimeter of side h normalized with respect to maximum projected length of the 
profile. 
6 = fractal dimension of the boundary. 
L = maximum projected length of the island. 


