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Introduction

This book covers the most essential and hands-on tools and functions of the MATLAB 

and Simulink packages and the Symbolic Math Toolbox (MuPAD notes) to solve, model, 

and simulate ordinary differential equations (ODEs) and partial differential equations 

(PDEs). It explains how to solve ODEs and PDEs symbolically and numerically via 

interactive examples and case studies. The main principle of the book is “learn by doing,” 

moving from the simple to the complex. This book contains dozens of solved problems 

and simulation models embedded in MATLAB scripts and Simulink models, which 

will help you to master programming and modeling essentials, as well as learn how to 

program and model more difficult and complex problems that involve ODEs and PDEs.

Practical MATLAB Modeling with Simulink explains various practical issues 

of programming and modeling in parallel by comparing the programming tools of 

MATLAB to the modeling tools of Simulink. By studying this book, you’ll be proficient 

at using the MATLAB/Simulink packages and at using the source codes and models 

from the book’s examples as templates for your own projects to solve modeling and 

simulation, or engineering problems with ODEs and PDEs.

�What You Will Learn
By the end of the book, you’ll have learned how to do the following:

•	 Model complex problems using MATLAB and Simulink

•	 Use MATLAB and Simulink to solve ODEs and PDEs

•	 Use numerical methods to solve first-, second-, and higher-order and 

coupled ODEs

•	 Solve stiff and implicit ODEs

•	 Employ numerical methods to solve first- and second-order linear 

PDEs
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•	 Solve ODEs symbolically with the Symbolic Math Toolbox of 

MATLAB

•	 Understand the applications and modeling aspects of differential 

equations in solving various simulation problems

This book is aimed at engineers, programmers, data scientists, and students 

majoring in engineering, applied/industrial math, data science, and scientific 

computing. This book continues where Apress’ Beginning MATLAB and Simulink leaves 

off.

The book is composed of three parts. Part 1 consists of the following chapters:

•	 Chapter 1 is dedicated to general formulations and solving ODEs 

symbolically using The Symbolic Math Toolbox functions and 

MuPAD note commands.

•	 Chapter 2 covers the most essential programming aspects to solve 

first-order ODEs numerically by writing scripts based on the Euler, 

Runge-Kutta, Milne, Adams-Bashforth, Ralston, and Adams-Moulton 

methods. You’ll write the scripts using MATLAB’s built-in ODE 

solvers, such as ode23, ode23t, ode45, ode15s, ode113, odeset, etc., 

and Simulink modeling.

•	 Chapter 3 is dedicated to solving second-order ODEs symbolically 

and numerically using the Euler, Runge-Kutta, Milne, Adams-

Bashforth, Ralston, and Adams-Moulton methods. You’ll do this 

using MATLAB’s built-in ODE solvers, such as ode23, ode23t, ode45, 

ode15s, ode113, odeset, etc., and Simulink modeling.

•	 Chapter 4 addresses the issues of how to solve stiff ODEs by adjusting 

a step size, specifying a solver setting, selecting an appropriate solver 

type, and so forth.

•	 Chapter 5 is dedicated to solving higher-order and coupled ODEs.

•	 Chapter 6 is devoted to solving implicitly defined IVPs and 

differential algebraic equations using MATLAB’s ode15i and Simulink 

modeling.

Introduction
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•	 Chapter 7 is dedicated to a comparative analysis of solving ODEs 

with MATLAB’s ODE solvers, Simulink modeling, script writing, and 

computing analytical solutions with the Symbolic MATH Toolbox 

(MuPAD notes).

Part 2 consists of the following chapter:

•	 Chapter 8 covers most essential tools of solving boundary value 

problems of ODEs numerically by using MATLAB solvers such as 

bvp4c, bvp5c, bvpinit, deval, etc.

Part 3 consists of the following chapters:

•	 Chapter 9 is devoted to applications of ODEs, specifically, modeling 

and simulations of spring-mass-damper systems.

•	 Chapter 10 is devoted to applications of ODEs, specifically, modeling 

and simulations of mechanical and electromechanical systems.

•	 Chapter 11 is devoted to applications of ODEs, specifically, modeling 

and simulations of trajectory problems.

•	 Chapter 12 is devoted to applications of ODEs, specifically, modeling 

and simulations of several simulation problems, such as the Lotka-

Voltera and Lorenz systems.

Part 4 consists of the following chapter:

•	 Chapter 13 is devoted to solving partial differential equations using 

PDE toolbox functions, such as pdepe() and the Laplacian operator 

del2(), and writing scripts based on Gauss-Seidel and finite 

difference methods.

�How to Access the Source Code
All of the source code (such as M/MN files, Simulink models, and SLX/MDL files) 

discussed in the book is available to readers via the Download Source Code button at 

www.apress.com/9781484257982.

Introduction
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�A Note to Users
The given scripts in the context of the book may not be the best solutions to the given 

problems, which was done intentionally in some cases to emphasize methods used to 

improve them; in other cases, the given scripts are the most appropriate solutions to the 

best knowledge of the author. Should I spot any better alternative solutions to exercises 

given in the context of the book, I intend to publish them via the MathWorks MATLAB 

Central User Community’s file exchange via my file exchange link there—under my 

name.

No matter how hard we have worked to proofread the content of the book, it is 

inevitable that there might be some typographical errors that have slipped through and 

will appear in print. My apologies.

Sulaymon L. Eshkabilov

January 2020
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CHAPTER 1

Analytical Solutions 
for ODEs
Many modeling problems in engineering applications can be formulated using ordinary 

differential equations. There are a few different definitions of differential equation; one of 

the simplest ones is “A differential equation is any equation which contains derivatives, 

either ordinary derivatives or partial derivatives” given in [1]. From this definition, 

we can derive that there are two types of differential equations: ordinary differential 

equations (ODEs) and partial differential equations (PDEs). ODEs contain one type of 

derivative or one independent variable, while PDEs contain two or more derivatives 

or independent variables. For example, a general form for first-order ODEs can be 

expressed by:

	

dy

dx
f y x= ( ), 	 (1-1)

where y(x) is a dependent variable whose values depend on values of the 

independent variable of x. Another good example of an ODE is Newton’s second law of 

motion formulated by:

	 ma = = = ( )dp

dt

mdv

dt
F t v, 	 (1-2)

where F(t, v) is the force, which is a function of time (t) and velocity (v); 
dv

dt
 is a velocity 

change rate (acceleration) of a moving object; m is the mass of a moving object; a is an 

acceleration of a moving object; p is momentum; and 
dp

dt
 is its derivative.
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The previous formulation of Newton’s second law can be also rewritten in the 

following way:

	

md

dt

dx

dt

md x

dt
F t x

dx

dt
æ
è
ç

ö
ø
÷ = = æ

è
ç

ö
ø
÷

2

2
, ,

	
(1-3)

where the derivative 
dx

dt
æ
è
ç

ö
ø
÷  of the displacement (x) of a moving object is the velocity 

(v). In other words, the velocity is a change rate of the displacement x(t) of a moving 

object in time. This can be visualized with the flowchart displayed in Figure 1-1.

Figure 1-1.  Flowchart expressing motion and exerted force of a moving object

�Classifying ODEs
There are two classifications of ODE-related problems.

•	 Initial value problems (IVPs): Here’s an example:  x xt x= -3  with 

these initial conditions: x x0 3 0 1( ) = ( ) =,  .

•	 Boundary value problems (BVPs): Here’s an example:  x xt x= -3  

with these boundary conditions: x(0) = 3,  x(2) = 1.50.

IVPs are defined with ODEs together with a specified value, called the initial 

condition, of the unknown function at a given point in the solution domain. In the IVP of 

ODEs, there might be a unique solution, no solution, or many solutions. By definition, 

Chapter 1  Analytical Solutions for ODEs
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the IVP of ODEs can be explicitly defined or implicitly defined. Most IVPs are explicitly 

defined.

We will start with explicitly defined IVPs and then move on to implicitly defined 

ones. Besides being categorized by solution type (how the solution values change over 

the solution search space), IVPs are divided into stiff and nonstiff problems. Moreover, 

ODEs are either linear or nonlinear and are either homogeneous or nonhomogeneous.

Here are some specific examples of different ODE types, categories, and groups:

Stiff ODEs: 







x x yz

y x yz y

z y

= - +
= - - *

= *

ì

í
ï

î
ï

0 04 10

0 04 10 3 10

3 10

4

4 7 2

7 2

.

.     t ∈ [0, 40]

Nonstiff ODEs: y y t+ =2 2 ,   w w+ = 5

Linear ODEs: 
dv

dt
v x xx= - + + =9 81 0 198 3 5 0. . ,  

Nonlinear ODEs: 
dv

dt
v= -9 81 0 198 2. . ,   x xx x+ + =3 5 02

Homogeneous ODEs:   y y x xx+ = + + =2 0 3 5 0,

Nonhomogeneous ODEs:   y y x x x ex t+ = ( ) + + =2 3 5 2sin ,

This chapter contains several examples for ODEs and their application areas.

�Example 1
This example shows an exponential growth problem. This equation could describe 

unconstrained growth of biological organisms (bacteria), values of real estate or 

investments, membership of a popular networking site, growth in retail business, 

positive feedback of electrical systems, or generated chemical reactions. It is formulated 

by the following first-order ODE:

dy

dt
y= m  has a solution: y(t) = y0eμt

Chapter 1  Analytical Solutions for ODEs
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�Example 2
This example shows exponential decay. This equation could describe many phenomena 

in nature and engineering, such as radioactive decay, washout of chemicals in a reactor, 

discharge of a capacitor, and decomposition of material in a river. Exponential decay is 

expressed with the following first-order ODE:

dy

dt
y= -m  has a solution: y(t) = y0e−μt

Examples 1 and 2 are two simple examples of first-order ODEs.

�Example 3
The motion of a falling object is expressed in the following way using Newton’s second 

law:

	

md y

dt
mg

dy

dt

2

2
= -

g
	

This is a second-order ODE that has a general solution in the following form:

	
y t C e

m mg g t
C

t

m( ) = -
-( )

+
-æ
è
ç

ö
ø
÷

1 2 2

g g
g 	

where m is the mass of a falling object; g is gravitational acceleration; and γ is an 

air-drag coefficient of a falling object. There are three parameters. Specifically, m, g, 

and γ are constant, and two parameters change over time: 
d y

dt

2

2
 (acceleration) and 

dy

dt
 

(velocity). In the general solution of a falling object using the equation of motion, C1 and 

C2 are arbitrary numbers that are dependent on the initial conditions or, in other words, 

can be computed considering the initial conditions of a falling object.

There are a few methods to evaluate the analytical solutions of ODEs, including 

the separation of variables, introduction of new variables, and others. We show via 

specific examples of these types of ODEs and explain how to evaluate their analytical 

solutions and compute numerical solutions by employing different techniques in the 

MATLAB/Simulink environment through scripts and building models. We evaluate 

analytical solutions of ODEs via specific examples and demonstrate how to use the 

Chapter 1  Analytical Solutions for ODEs
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built-in functions of the Symbolic Math Toolbox1 and MuPAD2 notebooks. We put more 

emphasis on the Symbolic Math Toolbox’s command syntaxes rather than MuPAD 

notebooks. The reason for this is that in future releases of MATLAB, a technical support 

for MuPAD notebooks will removed.

There are a number of numerical methods, including Euler (forward, backward, 

modified), Heun, the midpoint rule, Runge-Kutta, Runge-Kutta-Gill, Adams-Bashforth, 

Milne, Adams-Moulton, Taylor series, and trapezoidal rule methods. Some of these 

methods are explicit, and others are implicit. To demonstrate how to employ these 

methods, we will first describe their formulations concisely, and then we will work 

on their implementation algorithms for writing scripts (programs) explicitly. We do 

not attempt to derive any of the formulations used in these numerical methods, and 

there are many literature sources [2, 3, 4, 5] explaining the theoretical aspects of these 

methods.

In solving an IVP with numerical methods, we first start from an initial point (initial 

conditions) and then take a step (equal step size or varying step size) forward in time to 

compute numerical solutions. Some of the previously named numerical methods (e.g., 

Euler’s methods) are single-step methods, and others (Runge-Kutta, Adams-Bashforth, 

Milne, Adams-Moulton, Taylor series) are multistep methods. Single-step methods 

refer to only one previous point and its derivative to determine the current value. Other 

methods, such as Runge-Kutta methods, take some intermediate steps to obtain a 

higher-order step and then drop off values before taking the next step. Unlike single-

step methods, multistep methods keep and use values from the previous steps instead 

of discarding them. In this way, multistep methods link a few previously obtained 

values (solutions) and derivative values. All of these methods, such as the single-step 

and multistep methods, are assessed based on their accuracy and efficiency in terms 

of computation time and resources (e.g., machine time) spent to compute numerical 

solutions for specific types of IVPs of ODEs.

1�Symbolic Math Toolbox is a registered trademark of The MathWorks Inc.
2�MuPAD is a registered trademark of The MathWorks Inc.

Chapter 1  Analytical Solutions for ODEs
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�Analytical Solutions of ODEs
The Symbolic MATH Toolbox (or MuPAD notebooks) has several functions capable 

of evaluating analytical solutions of many analytically solvable ODEs. There are two 

commands (built-in functions)—dsolve() and ilaplace/laplace—with which 

analytical solutions of some ODEs can be evaluated.

Note that in this section we demonstrate—via a few examples of first- and second-

order ODEs and systems of coupled differential equations—how to compute analytical 

solutions of ODEs.

�dsolve()
dsolve() is an ODE solver tool to compute an analytical (or general) solution of any 

given ODE in MATLAB. dsolve() can be used with the following general syntaxes:

Solution = dsolve(equation)

Solution = dsolve(equation, conditions)

Solution = dsolve(equation, conditions, Name, Value)

[y1,...,yN] = dsolve(equations)

[y1,...,yN] = dsolve(equations, conditions)

[y1,...,yN] = dsolve(equations, conditions, Name, Value)

�Example 4
Given an ODE, y ty+ =2 02 . Note that initial or boundary conditions are not specified. 

Here is the command by which we can compute a general analytical solution of the given 

example.

>> y_solution=dsolve('Dy=-2*y^2*t')

Y_solution=-1/(C3-t^2)

Note that C3 is defined from the initial or boundary conditions of the given ODE.

There is an alternative command. The given problem with newer versions of 

MATLAB (starting with MATLAB 2012) can be solved by using the following command 

syntax:

Chapter 1  Analytical Solutions for ODEs
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>>syms y(t); y_sol=dsolve(diff(y) == -2*y^2*t)

 y_sol =

         0

 -1/(-t^2 + C3)

�Example 5
Given an ODE, y ty+ =2 02 ,with the initial condition y(0) = 0.5.

>> Solution=dsolve('Dy=-2*y^2*t', 'y(0)=0.5')

Solution =

 1/(t^2 + 2)

Here is the alternative command syntax for newer versions of MATLAB:

>> syms y(t); Solution=dsolve(diff(y) == -2*y^2*t, y(0)==0.5)

Solution =

 1/(t^2 + 2)

Here is another alternative syntax for newer versions of MATLAB:

>> syms y(t) t; Dy=diff(y, t); Equation = Dy ==-2*y^2*t; IC=y(0)==0.5; 

Solution=dsolve(Equation, IC); pretty(Solution)

 1

------

 2

t  + 2

The resulting analytical solution is in a symbolic formulation and thus can be plotted 

(Figure 1-2) with ezplot or the recommended fplot. (ezplot will not be supported in 

future releases of MATLAB.)

>> fplot(Solution, [-5, 5], 'r--o'), grid on

>>title('Solution of: $$ \frac{dy}{dt}+2y^2t=0, y_0 = 0.5 $$', 

'interpreter', 'latex')

>> xlabel('\it t'), ylabel '\it Solution, y(t)'

Chapter 1  Analytical Solutions for ODEs
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Numerical values of the resulting analytical solution (equation) can be computed 

by vectorizing (parameterizing) the resulting symbolic formulation (solution), as shown 

here:

>> ysol=vectorize(solution)

ysol =

1./(t.^2 + 2)

>> t=(-5:.1:5); ysol_values=eval(ysol);

Figure 1-2.  Analytical solution of y ty y+ = =2 0, 0 0.52 ( )

Chapter 1  Analytical Solutions for ODEs
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An alternative way of computing numerical solution values is to use fplot, as shown 

here:

[t, yt]=fplot(Solution, [-5, 5]);

�Example 6
Given y kty y+ = ( ) =2 0 0 0 5, . . Note that this exercise has one unspecified parameter, k.

>> syms k

>> solution=dsolve('Dy=-k*y^2*t', 'y(0)=0.5')

solution =

1/((k*t^2)/2 + 2)

Here is the alternative command syntax:

>> syms y(t) k; solution=dsolve(diff(y) == -k*y^2*t, y(0)==0.5)

solution =

1/((k*t^2)/2 + 2)

�Example 7
Given y y e yt- = ( ) =2 0 2, .  Let’s solve this exercise in a MuPAD note. Figure 1-3 shows 

the commands used to compute an analytical solution for this exercise.

Chapter 1  Analytical Solutions for ODEs
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Note T he options in dsolve() need to be set appropriately depending on 
the problem type. For MATLAB 2008–2010 or earlier versions, you should set 
IgnoreAnalyticConstraints to none to obtain all or any possible solutions.

Here’s an example:

solution=dsolve('Dy=-k*y^2*t', 'y(0)=0.5', ... 'IgnoreAnalyticConstraints', 

'none')

Note F or MATLAB 2012 or newer versions, you should set 
IgnoreAnalyticConstraints to false to get all the possible correct answers 
for all the argument values. Otherwise, dsolve() may output an incorrect answer 
because of its pre-algebraic simplifications.

Figure 1-3.  MuPAD commands to solve y y e yt- ( )= =2, 0 2  analytically

Chapter 1  Analytical Solutions for ODEs


