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Preface

This volume has been prepared in appreciation of the truly outstanding contributions
of Hajnal Andréka and Istvdn Németi to logic. One who does not know them or
their joint careers and working style may wonder why this is a joint volume, but for
anyone who knows them well or who reads in their joint autobiography how their
careers have been closely intertwined since at least as far back as 1971, it should be
clear that having one volume is a natural choice.

Not only do they write most of their publications jointly, but they also give confer-
ence talks and university lectures together. Their talks are like a kind of dance. They
frequently switch roles spontaneously while speaking, even during the course of a
single talk, flawlessly and smoothly complementing each other’s trains of thought.
They are almost always together. One rarely sees one of them without the other.
Somebody once said about them that “they are like a single soul in two bodies” and
we have to admit it is quite an accurate description!

We are both collaborators and former students of Hajnal and Istvan. However, they
are more than mere teachers and collaborators for us. They took us under their wings
as undergraduate students and continued advising and supervising us during graduate
school and even as postgraduates. They treated us, just like all of their students, like
family members. They often invited us to their home to work and discuss ideas sitting
at the round table in their living room. These were round-table discussions in every
sense, in which everyone was treated equally and ideas were welcomed from every
participant. For us, they are also mentors and good friends: preparing this volume has
been a great honor for us. We are truly grateful to them for their continuous support
and the so many seeds of insight they have planted in our minds.

For Hajnal and Istvan, looking for deeper understandings and connecting different
research areas has always played a central role. Therefore, we have invited researchers
working in various areas related to logic to write chapters of this book representing
the research-area-integrating and insight-seeking spirit of Hajnal and Istvan’s work.

This volume contains 19 invited chapters organized into 3 parts: Computing,
Algebraic Logic, and Relativity Theory, corresponding, in chronological order, to
the 3 main areas of research where Hajnal and Istvdn have contributed the most. In
the autobiography of Hajnal and Istvédn at the end of this volume, one can find how
these areas are interconnected in their research.



vi Preface

We are grateful to the series editor Sven Ove Hansson and the whole
Editorial Board of this series for the opportunity to publish this volume in the
series Outstanding Contributions to Logic. We are also grateful to Ram Prasad
Chandrasekar and Christi Lue for their help and patience.

Budapest, Hungary Judit Madarasz
June 2020 Gergely Székely



Contents

PartI Computing

1  Algebraic Logic and Knowledge Bases ..........................
Elena Aladova, Boris Plotkin, and Tatjana Plotkin

2 Guarded Ontology-Mediated Queries ...........................
Pablo Barceld, Gerald Berger, Georg Gottlob, and Andreas Pieris

3 Semiring Provenance for Guarded Logics .......................
Katrin M. Dannert and Erich Gridel

4  Implicit Partiality of Signature Morphisms in Institution
Theory ... ...
Rézvan Diaconescu

5 The Four Essential Aristotelian Syllogisms, via Substitution
and SYMMetry . ..........oo it e
Vaughan R. Pratt

6 Adding Guarded Constructions to the Syllogistic .................
Ian Pratt-Hartmann

7  The Significance of Relativistic Computation
for the Philosophy of Mathematics ..............................
Krzysztof Wéjtowicz

Part II Algebraic Logic

8  Generalized Quantifiers Meet Modal Neighborhood Semantics .. ..
Johan van Benthem and Dag Westerstéhl

9  On the Semilattice of Modal Operators and Decompositions
of the Discriminator ................ . ... ... ... .. . . ...,
Ivo Diintsch, Wojciech Dzik, and Ewa Ortowska

27

53

81

125

139

165

187

vii



viii

10

11

12

13

14

Modal Logics that Bound the Circumference of Transitive

Frames ........... .

Robert Goldblatt

Undecidability of Algebras of Binary Relations ..........

Robin Hirsch, Ian Hodkinson, and Marcel Jackson

On the Representation of Boolean Magmas and Boolean

Semilattices .......... .. ... ... . ...

Peter Jipsen, M. Eyad Kurd-Misto, and James Wimberley
Canonical Relativized Cylindric Set Algebras and Weak

Associativity ........ ...

Roger D. Maddux

Blow Up and Blur Constructions in Algebraic Logic ......

Tarek Sayed Ahmed

Part III Relativity Theory

15

16

17

18

19

Freeing Structural Realism from Model Theory ..........

Neil Dewar

In the Footsteps of Hilbert: The Andréka-Németi Group’s

Logical Foundations of Theories in Physics ..............

Giambattista Formica and Michele Friend

General Relativity as a Collection of Collections of Models
JB Manchak

Why Not Categorical Equivalence? .....................

James Owen Weatherall

Time Travelling in Emergent Spacetime .................

Christian Wiithrich

Appendix A: From Computing to Relativity Theory Through

Algebraic Logic: A Joint Scientific Autobiography

Appendix B: Joint Annotated Bibliography of Hajnal Andréka

and Istvan Németi .............................

Contents



Contributors

Elena Aladova Department of Mathematics, Federal University of Rio Grande do
Norte, University Campus Lagoa Nova, CEP Natal/RN, Brazil

Pablo Barcelé Institute for Mathematical and Computational Engineering, Pontif-
icia Universidad Catélica de Chile & IMFD Chile, Santiago, Chile

Johan van Benthem Institute for Logic, Language and Computation, University of
Amsterdam, Amsterdam, The Netherlands;

Department of Philosophy, Stanford University, Stanford, CA, USA;

School of Humanties, Tsinghua University, Beijing, China

Gerald Berger Institute of Logic and Computation, TU Wien, Vienna, Austria

Katrin M. Dannert Mathematische Grundlagen der Informatik, RWTH Aachen
University, Aachen, Germany

Neil Dewar Munich Center for Mathematical Philosophy, Ludwig-Maximilians-
Universitdt Miinchen, Munich, Germany

Rizvan Diaconescu Simion Stoilow Institute of Mathematics of the Romanian
Academy, Bucuresti, Romania

Ivo Diintsch School of Mathematics and Computer Science, Fujian Normal Univer-
sity, Fuzhou, Fujian, China;
Department of Computer Science, Brock University, St Catharines, ON, Canada

Wojciech Dzik Institute of Mathematics, University of Silesia, Katowice, Poland
M. Eyad Kurd-Misto Chapman University, Orange, CA, USA
Giambattista Formica Pontifical Urbaniana University, Vatican City, Italy

Michele Friend UCCS, Univ. Lille Nord-Europe, CNRS, Centrale Lille, Univ.
Artois, Lille, France;
George Washington University, Washington, D.C., USA

Robert Goldblatt School of Mathematics and Statistics, Victoria University of
Wellington, Wellington, New Zealand



X Contributors
Georg Gottlob Institute of Logic and Computation, TU Wien, Vienna, Austria;
Department of Computer Science, University of Oxford, Oxford, UK

Erich Gradel Mathematische Grundlagen der Informatik, RWTH Aachen Univer-
sity, Aachen, Germany

Robin Hirsch Department of Computer Science, University College London,
London, UK

Ian Hodkinson Department of Computing, Imperial College London, London, UK

Marecel Jackson Department of Mathematics and Statistics, La Trobe University,
Bundoora, VIC, Australia

Peter Jipsen Chapman University, Orange, CA, USA

Roger D. Maddux Department of Mathematics, Iowa State University, Ames, 1A,
USA

JB Manchak Department of Logic and Philosophy of Science, University of
California, Irvine, CA, USA

Ewa Orlowska National Institute of Telecommunications, Warszawa, Poland
Andreas Pieris School of Informatics, University of Edinburgh, Edinburgh, UK

Boris Plotkin Department of Mathematics, Hebrew University of Jerusalem,
Jerusalem, Israel

Tatjana Plotkin Department of Computer Science, Bar [lan University, Ramat Gan,
Israel

Vaughan R. Pratt Computer Science Department, Stanford University, Stanford,
CA, USA

Ian Pratt-Hartmann Department of Computer Science, University of Manchester,
Manchester, UK;
Instytut Informatyki, Uniwersytet Opolski, Opole, Poland

Tarek Sayed Ahmed Department of Mathematics, Cairo University, Cairo, Egypt

James Owen Weatherall Department of Logic and Philosophy of Science, Univer-
sity of California, Irvine, CA, USA

Dag Westerstahl Department of Philosophy, Stockholm University, Stockholm,
Sweden;
School of Humanties, Tsinghua University, Beijing, China

James Wimberley Chapman University, Orange, CA, USA
Krzysztof Wéjtowicz Faculty of Philosophy, Warsaw University, Warsaw, Poland

Christian Wiithrich Department of Philosophy, University of Geneva, Geneva,
Switzerland



Part I
Computing



Chapter 1 ®)
Algebraic Logic and Knowledge Bases i

Elena Aladova, Boris Plotkin, and Tatjana Plotkin

Abstract Knowledge bases theory provides an important example of the field where
applications of universal algebra and algebraic logic look very natural, and their inter-
action with practical problems arising in computer science might be very productive.
In this paper we study the equivalence problem for knowledge bases. Our interest is
to find out how the informational equivalence is related to the logical description of
knowledge. The main objectives of this paper are logically-geometrically equivalent
and LG-isotypic knowledge bases. We will see that these notions give us a good
characterization of knowledge bases.

Keywords Algebraic logic + Knowledge base - Halmos algebras - Galois
correspondence + Syntax - Semantics *+ Equivalence of models + Equivalence of
knowledge bases - Category - Ultrafilter

1.1 Introduction

Knowledge bases and databases theories provide an important example of the field
where applications of universal algebra and algebraic logic look very natural. Histori-
cally, theoretical research in databases started at the beginning of sixties. The classical
work of Codd [7] laid foundations of relational databases. Since then,advances in
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database theory are tightly related to mathematical logic, theory of algorithms and
general algebra.

Plotkin in [16] proposed a mathematical model of a database and gave a formal
definition of the databases equivalence concept. As a result, the algebraic model of
a knowledge base has been introduced and developed, see [16, 17, 19]. We should
emphasize that the model of a knowledge base under consideration involves various
ideas of universal algebra, algebraic logic and algebraic geometry. The main pecu-
liarity of this approach is that a database and a knowledge base are treated as certain
algebraic and model-theoretical structures.

There are a lot of specialized knowledge bases and it is desirable to determine
their characteristic properties without referring to their complicated structure and
without studying their detailed architecture. In this concern, our aim is to distinguish
logical invariants of knowledge bases which rigidly determine them. The selection
of logical characterizations of a knowledge base is motivated by the knowledge base
model in question. We consider queries to a knowledge base as sentences in some
logical language, and in order to operate with them properly one should attract logical
tools. Moreover, we convert logic into algebra. This converting allows us to study
syntactical logical notions and questions by using more transparent algebraic and
geometric structures, i.e., via semantics.

Our main tool is Halmos algebras which were presented under the name of
polyadic algebras in [9], and introduced in [16] for the multi-sorted case and an
arbitrary variety of algebras. These generalizations are important for the logical
geometry and databases applications.

In plain words, Halmos algebras are intended to replace the logical system by
an algebraic system, equivalent to the original logic. This way of thinking is well-
known for Boolean algebras: to think about propositional sentences as elements in
a Boolean algebra is a folklore. The principal goal of algebraization of a first order
logic is to do essentially the same for the logic enriched by quantifiers and predicates.
Thus, the appropriate (in the sense of algebraization of a first order logic) algebra
should be a Boolean algebra, equipped with quantifiers (defined in an abstract way
as operations) and operations of replacement of variables. This requires additional
axioms and the resulting algebraic object is called a Halmos algebra.

Note here, that there are other algebraizations of the first order logic, see, for
example, [5, 6, 8, 10]. A survey of algebraizations of quantifier logics is [15]. For
some reason we have chosen Halmos algebras as a tool, appropriate for our goals.

In this paper we discuss equivalence problem for knowledge bases. We focus
our attention on a special kind of equivalence, namely, informational equivalence.
Informally, one can say that two knowledge bases are informationally equivalent if
and only if all information that can be retrieved from one knowledge base can be also
obtained from the other one and vice versa. Our main goal is to find out how the
informational equivalence is related to the logical description of a knowledge base.
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1.2 Preliminaries

In this Section we present the main apparatus, which is needed further. We give a
brief review of basic notions and notations from universal algebraic geometry. In
particular, we define Halmos algebras and Halmos categories, and construct the
Galois correspondence which plays an important role in all considerations. The
material of this section can be found in [17, 19], see also [2, 20, 21].

1.2.1 Basic Notions and Notations

Let X° = {x|, ..., x,, ...} be an infinite set of variables. Denote by I" the collection
of all finite subsets X = {x; , ..., x; } of X°.

Let ® be a variety of algebras, that is, a class of algebras satisfying a set of
identities. We denote by Var(H) the variety generated by the algebra H.

Denote by W (X) the free algebra in the variety ® with free generating set X,
X e I'. All free algebras W(X) € @ form a category of free algebras ©° with
homomorphisms s : W(X) — W(Y) as morphisms, X,Y € I'.

By a model ¢ we mean a triple (H, ¥, f), where H is an algebra from @, ¥
is a set of relation symbols ¢, f is an interpretation of all ¢ in H (see, for instance,
[13, 16]).

Let H be an algebra in ® and X = {xy, ..., x,}. A point (ay, ..., a,) from n-th
Cartesian power of H can be represented asamap i : X — H suchthata; = u(x;).
This map can be extended up to homomorphism of algebras u : W(X) — H. Thus,
the point (ay, ..., a,) can be also viewed as a homomorphism p : W(X) — H.

Denote by Hom (W (X), H) the set of all homomorphisms from W (X) to H. We
will regard Hom (W (X), H) as an affine space. All affine spaces Hom(W(X), H)
with various X € I' constitute the category ©@°(H) of affine spaces with morphisms
5:Hom(W(X), H) — Hom(W(Y), H), for each homomorphism of free algebras
s : W(¥)— W(X). The map 5 is defined as 5(u) = us, where u : W(X) - H,
s(p) : W) - H.

Categories @° and ®°(H) are very important in what follows. Moreover, it is
known [14] that the categories @° and ®°(H) are contravariant isomorphic if and
only if Var(H) = ©.

1.2.2 Halmos Categories and Halmos Algebras

Halmos categories were introduced in [17, 19]. They are related to the first order logic
in a way analogous to the relationship between Boolean algebras and propositional
logic. Such an approach allows us to use techniques and structures of algebraic logic
(see [9, 16]). The immediate advantage of this phenomenon is that we can view
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queries to a knowledge base and replies to these queries as objects of the same
nature, i.e., objects of Halmos categories. Then the transition query-reply can be
treated as a functor (for details see Sect. 1.3).

1.2.2.1 Extended Boolean Algebras

We start from the notion of an existential quantifier on a Boolean algebra. Let B be a
Boolean algebra. Existential quantifier on B is an unary operation 3 : B — B such
that the following conditions hold:

1. 30=0,
2. a < da,
3. d(a A 3b) = Ja A 3b.

Universal quantifier V: B — B is dual to 3 : B — B, they are related by Ya =
—(3(—a)).

Let ® be an arbitrary variety of algebras and W (X) the free algebra in ® with the
free generating set X (i.e., ® can be variety of groups, of associative algebras, etc.).

Definition 1 Letasetof variables X = {xy, ..., x,} and aset of relations ¥ be given.
A Boolean algebra B is called an extended Boolean algebra over W (X) relative to
v, if

1. the existential quantifier 3x is defined on B for all x € X, and IxJy = Jy3Ix
forall x,y € X;

2. to every relation symbol ¢ € ¥ of arity n, and a collection of elements
Wi, ..., Wy, from W(X) there corresponds a nullary operation (a constant) of the
form @(wy, ..., wy,) in B.

Thus, the signature Lx of an extended Boolean algebra consists of the Boolean
connectives, existential quantifiers 3x and constants ¢(wy, .. ., w,,w):

Ly = {\/, A, —, dx, Mx},

where My is a setof all p(wy, ..., an)'
We provide two important examples of extended Boolean algebras.

Example 1 Let a model S = (H, V¥, f) be given. Let Bool(W(X), H) be the
Boolean algebra of all subsets in Hom (W (X), H). One can equip the Boolean alge-
bra Bool(W (X), H) with the structure of an extended Boolean algebra (cf. [16]).
First, we define quantifiers 3x, x € X, on Bool(W(X), H). We set © € 3x A if and
only if there exists v € A such that u(y) = v(y) forevery y € X, y # x. It can be
checked that 3x defined in such a way is, indeed, an existential quantifier.
According to Definition 1, given a relation symbol ¢ € ¥ of arity m and
a collection of elements wy, ..., w, from W(X) we shall define a constant in
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Bool(W(X), H). Denote this constant by [¢(wy, ..., w,,)]» and define it as a sub-
set in Bool(W (X), H) consisting of all points i : W(X) — H satisfying relation
§0(W1, ceey Wm)-

Thus, the Boolean algebra Bool(W (X), H) is equipped with the structure of an
extended Boolean algebra. We denote this extended Boolean algebra by HalX ().

Example 2 Another important example of an extended Boolean algebra is presented
by the algebra of formulas @(X) = £x/tx, where Ly is the absolutely free algebra
in the signature Ly over the set Mx, Ty is a congruence relation (Lindenbaum—Tarski
congruence) on £y defined by the rule: utxv if and only if + (u — v) A (v — u),
u, v € L£x.Boolean operations and quantifiers on @ (X) are naturally inherited from
Lx. For more details see [1, 2, 17].

1.2.2.2 Halmos Categories

Now we define a Halmos category which plays a crucial role in our approach (cf. [16,
17, 20]).

Definition 2 A category H is a Halmos category if:

1. Its every object has the form H(X), where H(X) is an extended Boolean algebra
over W(X).

2. The morphisms in H correspond to morphisms in the category @°. To every
morphism s : W(X) — W(Y) in @Y it corresponds a morphism s, : H(X) —
H(Y) in H such that

a. the transitions W(X) — H(X) and s — s, determine a covariant functor
from ©° to H.
b. s, : H(X) — H(Y) is ahomomorphism of corresponding Boolean algebras.

3. Let homomorphisms s, s', s?: W(X) — W(Y) and corresponding morphisms
S, 51, s2: H(X) — H(Y) be given. Let a € H(X). The identities controlling the

interaction of morphisms with quantifiers are as follows:

3.1. s!3xa = s23xa, if s;(x") = s2(x") for every x’ € X such that x’ # x;

3.2, sedxa = 3A(s(x))(s4a), if s(x) = y and y is a variable which does not belong
to the support of s(x”), for every x” € X such that x” # x. For the definition
of support see [16]. In plain words, this condition means that y does not
participate in the shortest expression of the element s(x’) € W(Y) through
the elements of Y.

4. Let ¢ be a relation symbol from ¥ of arity n,, wy, ..., Wh, be a collection of
elements from W (X) and ¢ (wy, ..., w,,) be the corresponding constant in H(X).
The identities controlling the interaction of morphisms with constants are as
follows:

S @OV, oo W) = (s W), -, SO0, ),
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where s : W(X) — W(Y) is a homomorphism of free algebras and s,: H(X) —
H(Y) is the corresponding morphisms.

Let us give some explanations concerning Definition 2. Axioms (3.7) and (3.2)
which look strange are not so complicated as they seem at first glance. They accumu-
late usual and intuitively clear relations between quantifications and transformations
of variables in first order logic calculus. For example, axiom (3.7) says that homo-
morphisms s' and s? are identity maps on X \ {x}. This corresponds to the familiar
fact that it is possible to replace a quantified variable in a formula by another one.
Axiom (3.2) says that if the replaced variable y = s(x) does not participate in the
supportofs(x’) € W(Y) forall x” € X different from x, then it is possible to quantify
y.

Suppose that the set of relation symbols ¥ contains the symbol of equality predi-
cate “=". Let B be an extended Boolean algebra over W (X) with respect to ¥. One
can define an equality on B as a binary predicate

= W(X) x W(X) - B,

which takes a pair w, w' € W (X) to the constant w = w’ in B subject to conditions:

L (wi=w)) < (W) =w);

2. w = w is the unit of the algebra B;

3. (w1 = wz) A (w2 = W3) < (w1 = W3);

4. For every n-ary operation w € 2, where £2 is a signature of the variety @, we
have

((wl =W A A (W Ew;)) < (a)(wl,...,wn)Ea)(w’l,...,w;))

Thus, the equality on the extended Boolean algebra B is symmetric, reflexive
and transitive predicate which respects all operations on W (X). We can write the
identities controlling the interaction of morphisms with the constant of the form
w=w,w,w € W(X), as follows:

(@) s;w=w)=(sw) =sw));
) ((sgg)*a Aw= w’)) < (s%).a,wherea € Hands? : W(X) — W (X)isdefined
by sy (x) = wand s}, (x") = x’ for x” # x.

Item (a) is exactly condition (4) from Definition 2, item (b) follows from (4) and
properties of the equality predicate “=". In such a way we can add additional axioms
to the item (4) in Definition 2, if we know specific properties of predicates on B

corresponding to relation symbols from ¥.
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1.2.2.3 Halmos Algebras

It is known that categories and multi-sorted algebras are tightly connected. In this
section we present the Halmos category as a multi-sorted Halmos algebra. For some
reasons such a representation is very useful, for instance, in this case we can speak
about congruences on algebras. Information about multi-sorted algebras can be found
in[12, 16].

In Sect. 1.2.2.1 we have already defined the signature L x of an extended Boolean
algebra:

Ly = {\/, A, 7, dx, Mx},

where My isasetofallgp(wl,...,wnw),go EY,wy, ..., Wy, € W(X),Xel.We
extend Lx by the symbol s, and denote the new signature by Lg. Thus,

L@ = {\/, N, T, axa MX9 s*}‘

In the signature L the symbol s, is reserved for multi-sorted operations of the type
(X;Y), where X, Y run through I". For the definition of a type of a multi-sorted
operation see [12, 16].

Definition 3 We call an algebra H = (H(X), X € I') in the signature Ly a Halmos
algebra, if

1. Every domain H(X) is an extended Boolean algebra in the signature Ly.
2. To every homomorphism of free algebras s : W(X) — W(Y) it corresponds the
operation s, : H(X) — H(Y) of the type (X; Y) in such a way that

2.1 themaps, : H(X) — H(Y)is ahomomorphism of the corresponding Boolean
algebras;

2.2 foragivens!: W(X) — W(Y),s>: W(Y) — W(Z)anda € H(X) we have
s2(sH(@) = (s*s").(a).

3. The identities controlling the interaction of the operations s, si, sf: H(X) —
H(Y) with quantifiers and constants repeat the ones from Definition 2, items (3)
and (4).

1.2.2.4 Examples of Halmos Categories

The next two examples of Halmos categories are connected with the examples of
extended Boolean algebras from Sect. 1.2.2.1.

Example 3 Category Halg (7). Objects of this category are extended Boolean
algebras Halg () from Example 1 for various X € I'. Morphisms
s« 1 Haly () — Hall () are defined as follows: s,A = {u: W(X) > H |
us € A}, where A C Hom(W(X), H),s : W(X) - W(Y).
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Remark 1 A homomorphism s : W(X) — W(Y) gives rise to a map 5 : Hom
(W(Y), H) — Hom(W(X), H) by the rule 5() = s, which is a morphism in the
category of affine spaces @ (H) (see Sect. 1.2.1). If A is asubset of Hom(W (X), H),
then s, A is the full pre-image of A under 5.

Example 4 Category @. We define Halmos category @ in terms of multi-sorted
algebras, which is more convenient. Consider once again the signature

Lo ={Vv,A,—,3x, Mx,s,}, xeX, Xel.

Denote by M = (Mx, X € I') the multi-sorted set with the domains My, where
My is the set of all p(wy, e W), @ €W, Wi, L Wy, € W(X). Each formula
oW1, ..., wp,) € My is a formula of the length zero and of the sort X. Let u be a
formula of the length n and the sort X, and let x € X. Then the formulas —u and
dxu are the formulas of the same sort X and the length (n 4 1). Let now #; and
uy be formulas of the same sort X and the length n; and n, accordingly. Then the
formulas u; V uy and u; A u; have the length (n; + n, + 1) and the sort X. For the
given s : W(X) — W (Y) the formula s,u is a formula of the length (n + 1) and of
the sort Y. By induction, one can define lengths and sorts of arbitrary formulas.

Let £x be the set of all formulas of the sort X constructed in such a way. Denote
by

L£=(Ex,Xel)

the multi-sorted algebra in the signature Lo with domains £x. By construction,
the algebra £ is the absolutely free algebra of formulas over multi-sorted set M =
(Myx, X € I'). Define on £ the multi-sorted Lindenbaum-Tarski congruence t =
(tx, X € I') which works on components ty as follows:

utyv if and only if F (u — v) A (v — u),

where u, v € £x. This means that two formulas « and v of the same sort are claimed to
be equivalent if each of them is derivable from the other in the theory of multi-sorted
Halmos algebras.

We define the Halmos algebra of formulas @ asa quotient algebra of the abso-
lutely free algebra of formulas £ by the Lindenbaum-Tarski congruence 7, that
is, b = £/7. It can be written as b = (®(X), X € I'), where @(X) = £x/tx. By
Definition 3 each component @ (X) of multi-sorted Halmos algebra @ is an extended
Boolean algebra of the sort X in the signature Ly.

Thus, simultaneously, we define the category @ with objects of the form @ (X)
and morphisms s, : @(X) - @(Y), X, Y € I'. The next remark is connected with
Remark 1.

Remark 2 Letahomomorphisms : W(X) — W(Y) be given. In parallel to the map
5:Hom(W(Y), H) — Hom(W(X), H), we define a map from the set of subsets
in @ (Y) to the set of subsets in @ (X). We denote it by the same symbol 5 and define
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assT ={u € &(X) | s;u € T}, where T C @(Y). Then 5T is the full pre-image of
T under s,.

Halmos categories @ and Hal () are tightly connected via homomorphism
of extended Boolean algebras

Val%, : ®(X) — Bool(W(X), H).

Intuitively, the image of a formula u € @ (X) under the homomorphism Valfjf is
a value of u in the algebra H, i.e. Valfl,‘fu is the set of points in Hom(W (X), H)
satisfying u. For details see [17, 20].

1.2.3 The Galois Correspondence

In this section we introduce a correspondence between sets of formulas in the algebra
@ (X) and subsets of points from the affine space Hom (W (X), H). In this concern
we define the notion of a logical kernel of a point. This notion is closely related to
the notion of a fype from model theory [13]. Let u be a point from the affine space
Hom(W(X), H).

Definition 4 The logical kernel L Ker () of a point w1 is the set of all formulas
u € @(X) which hold true on the point p, that is,

LKer(u) ={u e ®(X) | pne Vally, (u))

Remark 3 Thelogical kernel L K er (w) of apoint u is a Boolean ultrafilter (maximal
filter) in the algebra @ (X) (see [18]).

Let T be a set of formulas from @(X). We define a set of points Tij in
Hom(W(X), H) as

TL ={u:W(X)— H|T C LKer(n))}.

That is, TL}Lf is a set of all points u € Hom (W (X), H) satisfying all formulas from
T C &(X).
Take a set of points A C Hom(W (X, H)) and define a set of formulas Ag/ in
D(X):
AL, ={ue®d(X)|ACValy ).

The set Aéf is the set of all formulas u€® (X) which hold true on all points from A.

The above defined correspondence between sets of formulas and sets of points is
the Galois correspondence (see [11]). In the case of the Galois correspondence one
can speak about Galois closures. In particular, subsets T)L?ﬂ C Hom(W(X), H) and
AL, C & (X) are Galois-closed.
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We call the subset Tff C Hom(W(X), H) definable set presented by the set of
formulas 7. Note that the set A’;f is a Boolean filter in the algebra @ (X)), it is called
H-closed filter. The constructed above Galois correspondence gives us a bijection
between definable sets in Hom (W (X), H) and . -closed filters in the extended
Boolean algebra @ (X).

Proposition 1 ([18]) The intersection of 7€ -closed filters is an 7 -closed filter.
The next proposition describes one more property of 77’-closed filters ([1, 17]).

Proposition 2 Let a homomorphism of free algebras s : W(X) — W (Y) be given.
If T is an ¢ -closed filter in @ (Y), then'sT is an F-closed filter in @ (X).

The following proposition describes the relation between the Galois correspon-
dence and morphisms in the categories Halg (5¢) and @ (see [1, 17]).

Proposition 3 Let T be a set of formulas from ®@(X), A be a set of points in
Hom(W(X), H)ands : W(X) — W(Y) be a homomorphism of free algebras. Then

1. (s:T)5, =5.TL,
2. 5,AL C (s,A)L,.

Corollary 1 If A is a definable set in Hom(W (X), H) then s, A is also a definable
set.

The similar relation takes place between definable sets, .77°-closed filters and maps
s (see [1, 17]).

Proposition 4 Let T be a set of formulas from ®(Y), A be a set of points in
Hom(W(Y), H). Let a homomorphism of free algebras s : W(X) — W(Y) be
given. Then

1. 5(AL) = (FA)S,,
2. 5(TL) € (5T)5,.

1.3 Knowledge Base Model

In this section we will introduce the concept of a knowledge base model.

1.3.1 What Is Knowledge?

Let us start with a discussion of what knowledge is. Speaking about knowledge we
proceed from its representation in three components: subject area of knowledge,
description of knowledge, content of knowledge.
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Subject area of knowledge is presented by a model 77 = (H, ¥, f), where H is
an algebra in fixed variety of algebras @, ¥ is a set of relation symbols ¢, f is an
interpretation of each symbol ¢ in H.

Description of knowledge presents a syntactical component of knowledge. From
algebraic viewpoint description of knowledge is a set of formulas 7', more precise,
it is an - filter in the algebra of formulas @ (X), X = {x1, ..., x,}.

Content of knowledge is a subset in H", where H" is the Cartesian power of
H. Each content of a knowledge A corresponds to the description of a knowledge
T C &(X), |X| =n.If we regard H" as an affine space then this correspondence
can be treated geometrically via Galois correspondence.

In order to describe the dynamic nature of a knowledge base two categories and a
functor are introduced: the category of knowledge description Fg (), the category
of knowledge content Dg () and the knowledge functor Ct .

These categories are defined using the machinery of logical geometry (see [2,
22]). Speaking about logic we presuppose that it has two important components:

syntax and semantics.

Applying techniques and notions of algebraic logic (see [9, 16], Sect. 1.2.2), we
assign the appropriate algebraic structures to syntax and semantics: the category of
knowledge description Fg () and the category of knowledge content Dg (77),
correspondingly. Note that the paper contains a slightly different approach to the
construction of the category of knowledge description Fg (5¢°) and of the category of
knowledge content Dg () than in [2, 22]. In particular, it gives us more appropriate
connection between syntax and semantics, i.e., between the category of knowledge
description Fg (.7¢) and the category of knowledge content Dy (.77). Namely, the
new approach gives the dual isomorphism between Fg () and Dg () (see [1, 4]
and Fig. 1.1).

Detailed description of categories Fg () and Dg () and the knowledge func-
tor is given in [1]. Let us remind these constructions.

Syntax Fo ()
I Ctyp
Semantics Do ()

Fig. 1.1 The knowledge functor Ct, : dual isomorphism
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1.3.2 Category of Knowledge Description Fg (7€)

An object FX () of the category Fe () is the lattice of all 7#-closed filters in
the algebra @(X), X € I'.

Remark 4 We cannot say that the usual set-theoretical union of .7#-closed filters is
an .77 -closed filter. In order to obtain a lattice of .77 -closed filters in @ (X) we need
a new operation

T,UT, = (T; U Th) 7.

Then all #-closed filters in @ (X) form a lattice with respect to operations U and N
(for details see [1, 17, 18]).

Let a homomorphism s : W(X) — W(Y) and .7#-closed filters 7} € @ (X) and
T, € @(Y) be given. We say that a map [s,] : T — T is admissible, if s, Ty C T>.
Remind that s, is a map between 7 -closed filters in @ (X) and @ (Y) induced by
the corresponding morphism of the category @ (see Sect. 1.2.2).

A morphism between objects F(f)( () and F(Z)/ () [54] : F(f)( () — F(g () is
determined if [s,] : T} — T, is admissible forevery 7| € F(f)( (7). We define a com-
position of morphisms [s!] : FX () — FY () and [s2]: FY(#) — F5Z()as
follows [s2] o [s!] = [s2s!].

1.3.3 Category of Knowledge Content Dg (77)

An object Dg (J€) of the category Dg (F€) is the lattice of all definable sets in the
affine space Hom(W(X), H), X € I.

Letahomomorphisms : W(X) — W (Y)anddefinablesets A, € Hom(W(Y), H)
and A; € Hom(W(X), H) be given. We say thatamap [5] : Ay — A is admissible,
if A, € A;. Remind that 5 is a map between definable sets in Hom(W (Y), H) and
Hom(W (X), H) induced by the corresponding morphism of the category of affine
spaces O°(H) (see Sect. 1.2.1).

A morphism between objects DZ) () and D(ig () [5] : DZ) () — Dg () is
determinedif[s] : A, — ~Al is admissible forevery A, € Q(’; (7). We define a com-
position of morphisms [s'] : F4(A) — DY() and [s%] : DL(A#) — DE(H)
as follows [s2] o [s!] = [s2s!].

1.3.4 The Knowledge Functor Ct

The category of knowledge description Fg(5¢) and the category of knowledge
content Dg () are related by the knowledge functor:
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Cty : Fo(H) — Do (F7),

which is defined on objects by Ctr (Fj5 () = D} (), and on morphisms by
Ct ([s+)) = [5], where s : W(X) — W(Y) is a given homomorphism of free alge-
bras. Moreover, if [s,] : FX () — FY () is a morphism in Fg (), such that
[s«] : Ty — T, then [5]: DY () — DX () is a morphism in D () defined
by the rule [5]: (1»)5, — (T1)%,.

1.3.5 Definition of a Knowledge Base

Now we are on the point to give a definition of knowledge base model. Let a model
= (H, ¥, f) be given.

Definition 5 A knowledge base KB = KB(H, Y, f) is a triple (F@ (),
D (), Ct ){) where Fg () is the category of knowledge description, Dg (F7)
is the category of knowledge content, and Ct,y : Fg(5¢) — Dg(J7) is the con-
travariant functor.

Remark 5 We will use the term “a knowledge base” instead of a more precise “a
knowledge base model”.

One can say that defined knowledge base model is a sort of automaton (see [16]),
where queries are objects of the category of knowledge descriptions Fg (), replies
are objects of the category of knowledge content D (7). In order such an automaton
to be viewed as a knowledge base, a connection with a particular data is supposed.
This data is held in the subject area presented by a model 5 = (H, ¥, f). The
knowledge functor Ct, gives a dynamical passage between queries and replies,
namely, between categories Fg (57°) and Dg (7). Moreover, this passage is a one-
to-one correspondence.

Theorem 1 ([4]) The knowledge functor Ct,» gives rise to contravariant isomor-
phism between the category of knowledge description Fg(5¢) and the category of
knowledge content Dg (7).

1.4 Knowledge Bases Equivalences

There are various approaches to specialize the meaning of knowledge bases equiva-
lence. We are interested in a special kind of equivalence called informational equiv-
alence.
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1.4.1 Informationally Equivalent Knowledge Bases

Fix a variety of algebras ©, algebras H; and H, from ® and a set of relation symbols
¥, Let two models 74 = (H;, ¥, f1) and % = (H,, ¥, f,) be given. Take the
corresponding knowledge bases K B(7#1) and K B(J4).

Definition 6 Knowledge bases K B(7#]) and K B(.7%) are called informationally
equivalent, if the categories of knowledge description Fg(5¢]) and Fg(54) are
isomorphic.

In view of Theorem 1, the categories of knowledge description Fg(7#]) and
Feo (7%3) are isomorphic if and only if the categories of knowledge content Dg (.747)
and Dy (54) are isomorphic. Thus, one can formulate Definition 6 in terms of iso-
morphism of the categories of knowledge content.

From now on our goal is to recognize the informational equivalence of knowledge
bases in the sense of Definition 6. Our main interest is to find out how the informa-
tional equivalence is related to the logical description of knowledge bases. In this
concern, there were defined logically-geometrical equivalent (LG-equivalent), LG-
isotypic and logically automorphically equivalent knowledge bases. In this paper
we concentrate our attention on LG-equivalent and L G-isotypic knowledge bases.
Logically automorphically equivalent knowledge bases are considered in [3].

1.4.2 LG-equivalent and LG-isotypic Knowledge Bases

The notion of LG-equivalent (logically-geometrically equivalent) knowledge bases
is based on geometrical approach, whereas L G-isotypic knowledge bases are defined
using logical tools. But as we will see later these notions give us the same description
of knowledge bases (see Theorem 3).

Both concepts, LG-equivalence and LG-isotypeness of knowledge bases, are
defined via L G-equivalence and L G-isotypeness of subject areas of the given knowl-
edge bases, that is, via L G-equivalence and LG-isotypeness of the corresponding
models.

1.4.2.1 LG-equivalence and L G-isotypeness Of Models

Informally, we would like to define logically-geometrical equivalence of models
J0 = (H, ¥, f1) and 4 = (H,, ¥, f,) in such a way that the corresponding sub-
ject area algebras H; and H, have equal possibilities with respect to solution of
logical formulas from any set of formulas 7. This goal gives rise to the following
definition.

Definition 7 The models J4] = (H,, ¥, f1) and 4 = (H,, ¥, f>) are called LG-
equivalent if forany X € I" and T C @ (X) we have
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LL _ pLL
Ty, =Ty, .

In other words, L G-equivalence means that any .77 -closed filter in @ (X) is J%-
closed forevery X e I'.

The concept of LG-isotypic models is defined using model-theoretical tools. Let
a language L and a model .77 be given (for definitions see [13]).

Definition 8 A set T of consistent L-sentences u(xq, ..., x,) with free variables
from x4, ..., x, is called an n-type.

Definition 9 An n-type T is complete if for every L-sentence u(xy, ..., x,) with
free variables from x, ..., x, either u(xy, ..., x,) or =~u(xy,...,x,)isin T.

Leta = (ay, ..., a,) be a point from H". Denote by tpjf (a) the set of all sen-
tences u(xy, ..., x,) in free variables x, . .., x, such that 77 = u(ay, ..., a,). One
can check that 1p” (@) is a complete n-type. We will also say that 1p” (@) is a type
of the point (ay, ...,a,) € H".

Definition 10 A complete n-type T is called realizable in .77 if there is a point
a=(a,...,a,) € H" suchthat T = tp” (a).

In this case we will say that T is a type of the model 77 .

Remark 6 Later on we will be interested only in complete realizable n-types. We
will call an n-type tp” (@) from Definition 10 an X-M T-type (model-theoretical
type), where X = {x1, ..., x,}.

Define now the concept of an L G-type (logically-geometrical type). Remind, that
the set of all formulas in variables from X valid on J# is called the elementary
X-theory of 7 (see [13, 19]). Denote by Th* (#) the X-elementary theory of /7.

Definition 11 Every ultrafilter T in the algebra & (X) containing Th* (J#) is called
X-LG-type.

Definition 12 An ultrafilter 7 is called X-LG-type of the model JZ if there is a
point i : W(X) — H,suchthat T = LKer(w).

In the latter case, we will say that the type T is realizable in 7 (cf. Definition 10).
More details about connections between model-theoretical and logically-geometrical
types can be found in [20]. We only mention the important result of Zhitomirski [23]
which gives a bridge between M T- and L G-types. He showed that model-theoretical
types of two points coincide if and only if their logically-geometrical types coincide.
Thus, one can deal with M T- or LG-types depending on the needs.

Let S} be a set of all realizable X-LG-types of a model 7, that is,

S% ={LKern | u e Hom(W(X), H))}.
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Definition 13 The models 4 = (H,, ¥, f1) and 74 = (H,, ¥, f,) are called LG-
isotypic if
Sy =Sy,

forevery X e I'.

The next theorem gives us a relationship between L G-equivalent and L G-isotypic
models.

Theorem 2 The models (Hy, ¥, f1) and (H,, ¥, f») are LG-equivalent if and only
if they are LG-isotypic.

Proof Let models (H,, ¥, f)) and (H,, ¥, f>) be LG-equivalent. This means that
an ultrafilter LKeru is ¢ -closed if and only if it is .7%-closed for every X €
I' and u € Hom(W(X), Hy). Moreover, every .7%-closed ulrtafilter is the logical
kernel LK erv for a certain point v € Hom(W(X), Hy). Thus, LKerpu = LKerv
and %, = S%, forevery X € I.

Suppose that models (H;, ¥, f;) and (H,, ¥, f,) are LG-isotypic. This means
that forevery X € I" asubset T € @ (X) is an 77 -closed ultrafilter if and only if it is
an % -closed ultrafilter. Since every 777 -closed filter is an intersection of .7#] -closed
ultrafilters, then it is an intersection of .7%-closed ultrafilters as well. Remind that
the intersection of 77 -closed filters is an ##’-closed filter (see Proposition 1). Thus,
T is an 7 -closed filter if and only if it is an J%-closed filter. This means that the
models (H;, ¥, f1) and (H,, ¥, f,) are LG-equivalent.

The next section deals with L G-equivalent and L G-isotypic knowledge bases.

1.4.2.2 LG-equivalence and L G-isotypeness of Knowledge Bases

As we mentioned, LG-equivalence and LG-isotypeness for knowledge bases are
defined via the similar notions for the models.

Let two models 54 = (H, ¥, f1), 96 = (Hy, ¥, f>) and the corresponding
knowledge bases K B(771) and K B(J%) be given.

Definition 14 Knowledge bases K B(4]) and K B(.7%) are called L G-equivalent
if the corresponding models 77| and 7% are L G-equivalent.

Definition 15 Knowledge bases K B(.77]) and K B(.%) are called LG-isotypic if
the corresponding models 77 and 7 are LG-isotypic.

The next theorem is a straightforward corollary of Theorem 2.

Theorem 3 Knowledge bases K B(54]) and K B(65) are LG-equivalent if and
only if they are LG-isotypic. (]
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1.4.3 LG-Equivalence and Informational Equivalence of
Knowledge Bases

Now our main goal is to find out how the informational equivalence is related to
the logically-geometrical description of knowledge bases. In this section we present
results which demonstrate the relationship between LG-equivalent (L G-isotypic)
and informationally equivalent knowledge bases.

We start from auxiliary results concerning subject areas of L G-equivalent knowl-
edge bases. The next theorem gives the correspondence between definable sets over
two LG-equivalent models that will be useful in subsequent considerations.

Theorem 4 [fthe models 74=(H,, ¥, f1)and 565 = (H,, ¥, f,) are LG-equivalent,
then there is a one-to-one correspondence between X-definable sets over i and
6, for every X € T

Proof Fixaset X € I'.Let A € Hom(W(X), H;) be an X-definable set over 7.
Then (A% o )if is an X-definable set over .743. We will show that the correspondence

vt A— (A%, (1.1)

is a bijection.
Let us show that the map 7y is injective. Let A and B be definable sets from
Hom(W(X), Hy). Suppose that

L L
(Alj‘fl)}/z = (Bf)lfl)]fz’

then (A’;ﬂ) v, and (BL )LL are 4 -closed filters in @ (X), and

(A5) 5 = (B e

Since models J# and % are L G-equivalent, then

LL LL LL LL
(AL%(,)%Z = (A,L%’l),;f,’ (Bffl);f, (B%I))i” :

Hence, L
(A5)5r, = (B%) v, A% = BY.
The sets A and B are definable, so A = A?} = B]@,,L = B and the map 1y is injective.

If B is an X-definable set over .73 then the set (B, )L/ is X-definable over J4.
Thus, the correspondence between X -definable sets over ,%ﬂ and 7 is surjective.

Lets : W(X) — W(Y) be a homomorphism of free algebras. Denote by [5]° v
morphism from D} (%) to DX () in the category Dg (), such that
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5 ‘;f LA — A

for every A € Dg) (F5).

Remark 7 It is more correct to write 5, A instead of SA, but we will omit the
subscribe % in this case.

The next two propositions give the connection between correspondence tx con-
structed in Theorem 4 and morphisms in categories Dg (7#) and Dg (7%3) of lattices
of definable sets over .41 and 7%, correspondingly.

Proposition 5 Ifmodels 71 = (Hy, V¥, f1)and 56, = (H,, ¥, f,) are LG-equivalent,
then the following commutative diagram takes place

0
m%/l

A — (AL

zyl lrx (1.2)

51,
(45) 5 — (GAY%)

L
2 S

where A is a definable set in Hom(W (Y), Hy), mgﬁﬂ and m?}fz are morphisms in
categories Dy (1) and Dg(6) defined above.

Proof To prove the commutativity of this diagram we need to show that

1, (e (4) = (G5,

and L
3 (1%, (A) = (GA5,) .-

Indeed, by definitions of [E'](;,p2 and ty we have

LL
1%, (2 (4)) = Bl ((45)5) = (F((450%))

LL
According to Proposition 4, (?A); =5(AL,), then (E((Aéfl f%p?))ﬂ = (E

((Agf1 Lﬁ,ﬁ ));2 Since models 5 and .7% are LG-equivalent, then Aﬁf] is an J4-
closed and an %-ilosed filter, simultaneously. This means that (Aéﬁ)%2 = Aéfl
and <E((A»1;i”1 L/sz)>%2 = (’s"(Af}(f1 ))L%ﬂ2 Using Proposition 4, we have (’s"(Af)f1 )
(GA)%,)%,,- Thus, 510, (zv () = (GA%,)L,..

Let us prove the equality rx([E]ij] (A)) = (('EA)%,,[);%. By definitions of Ty and

5 gfl we have TX(mgfl (A)) = rx((sVA)éi’;l) = (((SVA)L;])L%); Since (:v'A)f%p1 is

L —
Ay =



